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Calculos de Hilbert para os principais fragmentos da
Logica Classica

Autor: Vitor Rodrigues Greati
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RESUMO

A Logica Classica, sob a 6tica da Algebra Universal, pode ser vista como aquela induzida
pelo clone completo sobre o conjunto {0,1}. Os demais clones sobre o mesmo conjunto
induzem, portanto, sublogicas ou fragmentos da Logica Classica. Em 1941, Emil Post
apresentou a organizagao de todos clones sobre {0, 1} em um reticulado ordenado por in-
clusao [10]. Em [11], Wolfgang Rautenberg explorou esse reticulado para demonstrar que
todos esses fragmentos sao fortemente e finitamente axiomatizaveis. Rautenberg utilizou
uma notacao pouco usual e a sobrecarregou diversas vezes, gerando confusao, além de ter
apresentado demonstragoes incompletas e cometido vérios erros tipograficos, imprecisoes
e desacertos. Em especial, os principais fragmentos da Logica Classica — expressao aqui
utilizada para se referir aqueles dos quais tratam as demonstracoes dos casos principais
apresentadas por Rautenberg na primeira parte de seu artigo — merecem uma apresen-
tagao mais rigorosa e acessivel, pois produzem importantes discussoes e resultados sobre
os demais clones, além de embasarem os procedimentos recursivos da segunda parte da
demonstracao do teorema da axiomatizabilidade de todos os clones bivalorados. Neste
trabalho, propoe-se uma reapresentacao das demonstragoes para esses fragmentos, desta
vez com uma notagao mais moderna, com maior preocupacao com os detalhes, com mais
atencao a corretude da escrita e com a inclusao de todas as axiomatizacoes dos clones
investigados. Além disso, os sistemas formais envolvidos serao especificados na linguagem
do assistente de demonstracao Lean, e as demonstragoes de completude serao verificadas
com a ajuda dessa ferramenta. Dessa forma, a demonstracao do resultado apresentado por
Rautenberg estara apresentada de forma mais acessivel, compreensivel e confiavel para a

comunidade.

Palavras-chave: fragmentos da Loégica Cléssica, calculos de Hilbert, reticulado de Post,

Algebra Universal



Hilbert calculi for the main fragments of Classical Logic
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ABSTRACT

Classical logic, under a universal-algebraic consequence-theoretic perspective, can be de-
fined as the logic induced by the complete clone over {0,1}. Up to isomorphism, any
other 2-valued logic may then be seen as a sublogic or fragment of Classical Logic. In
1941, Emil Post studied the lattice of all the 2-valued clones ordered under inclusion [10].
In [11], Wolfgang Rautenberg explored this lattice in order to show that all fragments of
Classical Logic are strongly finitely axiomatizable. Rautenberg used an unusual notation
and overloaded it several times, causing confusion; in addition, he presented incomplete
proofs and made lots of typographical errors, imprecisions and mistakes. In particular,
the main fragments of Classical Logic — expression here that refers to those fragments
related to the proofs presented by Rautenberg in the first part of his paper — deserve a
more rigorous and accessible presentation, because they promote important discussions
and results about the remaining fragments. Also, they give bases to the recursive proce-
dures in the second part of the proof of the axiomatizability of all 2-valued fragments.
This work proposes a rephrasing of the proofs for the main fragments, with a more mod-
ern notation, with more attention to the details and the writing, and with the inclusion
of all axiomatizations of the clones under investigation. In addition, the involved proof
systems will be specified in the language of the Lean theorem prover, and the derivations
necessary for the completeness proofs will be verified with the aid of this tool. In this way,
the presentation of the proof of the result given by Rautenberg will be more accessible,

understandable and trustworthy to the community.

Keywords: fragments of Classical Logic, Hilbert calculi, Post’s lattice, Universal Algebra
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1 Introduction

Clones over a set A are sets of operations over A closed under projections and super-
positions. From a universal-algebraic consequence-theoretic perspective, Classical Logic
can be defined as the logic induced by the complete clone over {0, 1}. Up to isomorphism,
any other 2-valued logic may then be seen as a sublogic or fragment of Classical Logic.
For example, the clone generated by the classical conjunction and disjunction induces a

proper fragment of Classical Logic.

Figure 1: Post’s lattice [3].
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In 1941, Emil Post studied the lattice of all the 2-valued clones, ordered under inclu-
sion [10]. This lattice (Figure 1) —countably infinite yet constituted of finitely generated
members— has constituted ever since an invaluable source of information and insights
about the relationships among the sublogics of Classical Logic. Wolfgang Rautenberg, in
his study titled “2-element matrices” [11], explored Post’s lattice and proved that every
2-valued logic is strongly finitely axiomatizable. This result is specially important for the
study of combinations of fragments of Classical Logic [], since Hilbert calculi constitute
more propitious environments for such investigations than other styles of proof systems,

like sequent calculi.

The proof of the mentioned result is constructive and is divided into two parts: the
main cases, which refer to specific clones located in the finite sections of the lattice; and
the reduction procedures, which deal with the infinite portions of the lattice based on
the main cases. Despite the relevance and originality of his study, Rautenberg adopted
an unusual notation and overloaded it several times for different clones, giving room for
confusion and hindering understanding and reproducibility. Moreover, he did not detail
various of the proofs of important ancillary results, and his paper contains numerous
typographic errors and imprecisions. In addition, some axiomatizations were not fully
presented, but had only their existences asserted by the author, and the ones that were
presented were done so in ways that do not favour easy and fast reference. Those facts
pose obstacles to the study of Rautenberg’s work and decrease the confidence in the proof
of such an important result for the study of the fragments of Classical Logic under the
perspective of the associated Hilbert calculi and their possible combinations. Therefore,

a more rigorous and accessible presentation of the proof of this result is necessary.

That being said, the purpose of the present work is to rephrase the proof of the axiom-
atizability of the thirty-eight clones located in the finite section of Post’s lattice, focusing
on correctly presenting all related arguments in full level of details and organization, using
a more modern and understandable notation, with the support and assurance of the Lean
theorem prover. Thus, at the end, we will have a clearly specified and easy to reference
calculus for each of those fragments — including those not fully presented by Rauten-
berg — with its adequacy being justified fundamentally on the basis of formally verified

derivations.

Essentially, carrying out this objective amounts to proposing a Hilbert calculus for
each of the referred fragments and proving the corresponding soundness and complete-

ness results. Many among such calculi and results were presented by Rautenberg, but need
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rewriting with a greater level of details, organization, accuracy and in a more clear nota-
tion. While the soundness results can be proved using a rather standard procedure, the
completeness results need a more sophisticated technique. The one used by Rautenberg
and to be also used in this work applies the Lindenbaum-Asser Lemma, considered the

most fundamental version of Lindenbaum Lemma to prove completeness in general [2].

Understanding such technique also gives us significant directions to search for rules
that lead to complete a calculus with respect to a given fragment of Classical Logic.
This is what we will use to produce the axiomatizations that were not fully presented
by Rautenberg. The most important case is the clone whose base set is {dc, pt}, where
de=Xz,y,z. (x Ay)V(zAz)V(yAz) and pt = A\z,y, 2. <> y <> z. Although it seems
to have one of the most complex calculi among the other clones under consideration, only
two of the (interaction) rules were presented by Rautenberg; the other six were found in
the present study. Another case is the clone generated by {pt, =}, for which Rautenberg
presented a calculus whose completeness proof was not provided and we could not verify. In
order to overcome this, we proposed a modification by adding a new rule of interaction and
removing two rules from the calculus given in Rautenberg’s paper. In the other hand, we
could neither verify the completeness of the calculus proposed by Rautenberg nor propose
another one to axiomatize the fragment {pt, L}. We then chose to keep Rautenberg’s

suggestion, but highlighting that this case needs further investigation.

The necessary derivations for proving completeness following the aforementioned
strategy can be hard to find and to correctly present, because some of them can be
very long and involving. This is where Lean comes into play: it will guarantee that each
derivation in the course of the completeness proofs is in accordance with the rules of
the corresponding proof systems. Lean is a project developed at Microsoft Research
that aims to support both mathematical reasoning and reasoning about complex sys-
tems, and to verify claims in both domains. It situates automated tools and methods
in a framework that supports user interaction and the construction of fully specified ax-
iomatic proofs |1]. Lean also has a very expressive language, a feature to be thoroughly
explored here, so much that we will directly use the Lean code to describe derivations
in the present document. The Lean code written for the present work is available at
https://github.com/greati/hilbert-classical-fragments and updates to this doc-

ument are available at https://vitorgreati.me/hcclf-monograph.

We proceed by giving, in Chapter 2, the theoretical background of this work, aiming

to fix the concepts and notations to be used in the remaining sections, as well as to give a


https://github.com/greati/hilbert-classical-fragments
https://vitorgreati.me/hcclf-monograph
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detailed presentation of Lindenbaum-Asser Lemma and to show how it can be applied for
completeness proofs with respect to logical matrices. Then, Chapter 3 focuses on deliv-
ering, in a tutorial-like fashion, how we can specify a Hilbert calculus in Lean and prove
that a given rule is amongst its derivable rules. In the sequel, Chapter 4 contains the
axiomatization of each main fragment of Classical Logic, together with the correspond-
ing adequacy proofs. Finally, Chapter 5 contains the final remarks and suggests future

directions of investigation.
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2 Theoretical background

2.1 Algebras and clones

A signature ¥ = {E(k)}k@ is a family of sets of function symbols, where each
# € ¥ is said to have arity k or, equivalently, to be k-ary. In particular, we use the
adjectives “nullary” (or “constant”), “unary”, “binary” and “ternary” in reference to symbols
with arity zero, one, two and three, respectively. Besides, for convenience, we shall use

JX in place of ¥ when the context removes any risk of ambiguity about a signature X.

An algebra A over a signature ¥ is a structure (A,-A) where A # & is a set
dubbed carrier or universe of the algebra and each symbol # € X% is interpreted as a
k-ary operation #? over A. Notice that nullary symbols are interpreted as elements of
the carrier. When A is finite, we commonly specify the interpretations in A by tables and,
under the set-theoretical perspective that each m-ary #4 is an (m + 1)-ary relation over

A, we call each of its tuples — the rows of the tables — a determinant of #4.

Ezample 2.1.1. Consider the signature given by £ = {LI,M} and ™ = &, for all n # 2.
An example of an algebra over X is C := ({&, ©},-€), such that

vy W(zy) x y M%ay)
o Q© Vi VARV V)
O & ) VAR V)
& O & & O V)
& & ] & & ]

By inspecting the table of LIC, we extract the set of its determinants:

{(0,90,9),(0, b, %), (%0, &), (& &)}

A homomorphism between two algebras A and B over a common signature X is
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a mapping h : A — B such that h(#2(z1,...,71)) = #B(h(x1),...,h(x})), for each
# ¢ ¥®) and all z1,...,2;, € A. An algebra A is an absolutely free algebra freely
generated by a set G C A when A is generated by G (the least algebra over ¥ that
includes G in its carrier), and any mapping from G to the carrier B of any algebra B over

Y can be (uniquely) extended to a homomorphism from A to B.

An important universal-algebraic definition that we will use to define Classical Logic
and its fragments is that of a clone of an algebra. We begin by first establishing what is

a clone over a set. A clone over a set A is a collection C of operations over A such that

e C is closed under projections; i.e. every operation 7/*(x1,...,2,) = z;, for all 1 <

i<nandalln>1,isinC;

e C is closed under superpositions, that is, whenever an n-ary operation f is in C
and the m-ary operations ¢;,...,g, are in C, the m-ary operation h such that
hzy, ... xm) = flgi(z1, ..o Zm), - oy gn(@1, ..., Ty)) s also in C. We say here that
the operation h obtained this way is f-headed; and

e whenever a constant function f is in C, i.e. f(xy,...,x,) =aforall zy,...,2, € A

and a fixed a € A, the nullary operation f, = a is also in C.

Clearly, the set of all operations (of every possible arity) over A is a clone, called the

complete clone over A and denoted by C4.

Given a set F of operations over A, the clone generated by F, denoted here by
Clo(F), is the smallest clone that contains F. The clone of an algebra M over 3, namely
Clo(M), is the clone generated by the set of the fundamental operations of M, which are

those that interpret the symbols in ¥ (check more results on this topic in [9, &]).

We close this section with the notion of monotonic operations, important to char-
acterize some fragments and produce their axiomatizations (see Section 4.6). An m-ary
operation f over {0,1} (seen here as a totally ordered set) is monotonic when, for all
T=(x1, ..., Tm), U= (Y1, ., ym) € {0,1}" it T < ¢, then f(Z) < f(¥), where < is the

lexicographical order on the cartesian product {0, 1}™.

Ezample 2.1.2. The set of all monotonic operations over {0, 1} is a clone (see Section 4.14).
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2.2 Languages and logics

A language over a signature X generated by a countable set P = {p; | i € w} of
propositional variables, denoted by LE, is the absolutely free algebra over ¥ freely
generated by P, where each k-ary symbol of ¥ is assigned to some k-ary operation (com-
monly referred to as connective in this context) on LL (the carrier of the language),
denoted here by the same symbol being interpreted. When the set P is clear from the

context, we shall omit it from the notation.

The countably-many elements of a language are called formulas, denoted here by cap-
ital Roman letters (A, B, ...). Propositional variables, together with nullary connectives,
are called atomic formulas. A formula resulting from the application of a connective of
arity greater than one is called a compound, and the total number of connectives involved
in its construction is its complexity. When A is a compound formula #(A4,...,A,), we
say that A is #-headed. Moreover, where A is a formula, by Vars(A) we will denote the

set of propositional variables occurring in A.

The conception of language just introduced gives us two important properties: each
formula in a language is built up from atomic formulas by the application of its funda-
mental connectives in only one way (unique readability); and, for any algebra B over the
same signature as the language, any function from the set P of propositional variables into
B can be uniquely extended to a homomorphism from the language to B. An equivalent
formulation of the latter is to say that every such homomorphism is uniquely determined

by its restriction to the set of propositional variables.

Ezample 2.2.1. A conventional signature Y¢y for Classical Logic is such that S (©) =
{L, T}, B = {=}, B = {V,A, =} and ¢, ™ = @, for all n > 2. Examples of
formulas of LIEDCL are pi2, 7p1, ~(p2 V ps), p2 = L, (p1 Ap2) V (p5s — pe) and T.

We can also consider a formula A € L{Ep”"”’p""‘}, with ¢, € w and 1 <[ < m, as an
operation Ap;,,...,ps,-A, said to be an m-ary derived connective of LE.

Whenever ¥ and Y are signatures such that ¥ C ¥/, we say that ¥ is a fragment
of ¥, Equivalently, 3 is said to be an expansion of ¥. The same terminology may be

applied to LE and LE, | since ¥ C ¥ implies LE C LE,.

Ezample 2.2.2. Let ¥_, be such that ¥,®® = {=} and ©_,™ = &, for all n # 2. Then

Y., is a fragment (the implicational fragment) of ¥¢.

When we deal with expansions of a language by new connectives, sometimes it is
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necessary to have a representation of the formulas of the expansion in terms of the con-
nectives of the original one, assigning atomic representations to formulas involving the new
connectives. In order to formalize such representation, let X and X" be two signatures,
such that ¥ C X*. Also, let P, V and V't be denumerable sets of propositional variables,
where V and VT are disjoint, and consider bijections f: P — V and f* : L];Jr\z — V.
Then, we define the Y-skeleton of a formula in L§+ as the result of applying this formula

to the function ski/" : LY, — LYYV, such that:

f(C) CeP,
sk (C) = & #(skE!(Ch), o kLT (CL)) €= #(Cu,.., C) and # € S0,
fH(C) otherwise.

Notice that the function just defined is a bijection and its inverse has a very similar
definition, essentially changing the application of f and f* by their respective inverses.

Ezample 2.2.3. Take @ = {A}, @ = {A, v}, and ™ = £+ = & for all n # 2.
Also, let V = {py € P | i € w}, V' = {paiy1 € P | i € w}, f(pi) = px, and fF(A;) =
P2i+1, for a fixed enumeration {A;}, . of the formulas in L§+\Z. Then, assuming that

C := (p2 V p3) A ps has index 2 in the enumeration, we have skg’ﬁ(C) = ps A ps.

We define now a mechanism for representing a connective in a signature in terms
of derived connectives in a different language. Given two signatures = and 3, a (ho-
mophonic) translation is a mapping t : = — L& such that, for each # ¢ Z®)
t(#) € L{Zpl""’p’“}, with t(#) interpreted as a k-ary derived connective of LE. A transla-
tion t naturally extends to a function t : L — L& by letting t(p) = p, for p € P, and
t(#(Aq, .., Ay)) = t(#)(t(Ay), ..., t(Ag)). We will often use translations in this study

to express non-conventional connectives of some fragments of Classical Logic in terms of

the conventional ones, like A, V and —.

Given a language LE, a substitution is an endomorphism on LE. The collection of all
substitutions over the language is denoted by Sb(LE). The application of a substitution o
to a formula A is denoted by o(A) or A? and this naturally extends to each set of formulas
IT by letting o(I1) =117 = {A“ | A € II}.

A consequence relation over the language LE is a relation = C Pow(LE) x LL

respecting, for every ' U A U {A} C LE, the following properties (read ', A as T U A):
(R) Reflexivity: A - A;

(M) Monotonicity: if I' = A, then ') A F A;
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(T) Transitivity: if I' - B for every B € A and I'y) A+ A, then I' - A; and

(S) Substitution-invariance: if I' - A, then T'7 - A°.

We will often use in this work, under the same name, the specialized version of (T) in

which A is a singleton.

A consequence relation is finitary when it respects
(F) Finitariness: if I' = A, then there is a finite set Iy C I' such that 'y - A.

A logic L over a signature ¥ is then a structure (X,F), where - is a consequence
relation over LE. We shall sometimes talk about a logic by referring directly to its con-
sequence relation. Assertions of the form I' F A are called consecutions, and may be
read as “A follows from I' (according to £)”. A formula A for which - A is said to be a
theorem of £. A set I' C LL is a theory of £ whenever I' - A implies A € T.

A set I' C L is maximal (consistent) with respect to a consequence relation - over
the language L when I' / A for some A € L and, for any A ¢ I', we have I'; A - B for
all B € L. The set I' is relatively maximal with respect to - when there is a formula
Z € L such that I' t/ Z and I'; A F Z for any A ¢ I'. Under those conditions, we also say

that such I' is Z-maximal with respect to I-.

We present now the notion of axiomatic expansion, which eases the axiomatization
of numerous fragments of Classical Logic. Let ¥ and X be two signatures, such that
Y C X7, that is, X7 expands X. Also, let - and F* be consequence relations over Ly, and
Ly, respectively. Then, whenever - C F*, F* is said to be an expansion of I-. Given a
set A C Ly, the axiomatic expansion of I induced by A, denoted by 4, is the
least expansion of - where F, 4 A7, for each A € A and o € Sb(LL).

Some important properties of a logic may be described as rules over linguistic objects
called sequents. A sequent over a signature X is an object of the form I' » A, where
IF'U{A} C LL is finite. An n-ary sequent-style rule r is given by a sequence of sequents
Ar>Aq, o A, > A, A> A, where the last is the conclusion sequent and the others are
the premiss sequents. Another notation for r is

A1>-A1 An*An

A> A r

We say that such sequent-style rule holds in a consequence relation F over Y when, for
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all 0 € Sb(LE) and all T C LE,
if AT F AT and ... and I, A7 H A? then I', A7 = A7,

FExample 2.2.4. The following rules hold in any consequence relation, as a direct conse-

quence of properties (R), (M) and (T):

D,A>B D,B>C

A>B
R D.A>C

A>B B»C
A>A C,A>B

M A> C

T

T>

Sequent-style rules will be specially important because the properties that lead to the
completeness of the calculi discussed in this work can be seen as sequent-style rules and,
as we will see in Section 2.8, they are preserved in axiomatic expansions, a result that

automatically provides axiomatizations for expansions by the constant T.

Finally, we say that a function g : LE — {0,1} is consistent with a consequence
relation F over 3 when, for all I' U {A} such that I' = A if g(I") C {1}, then g(A) = 1.

2.3 Hilbert calculi

A Hilbert calculus 7 is a structure (X, R), where ¥ is a signature and R is the

"l with n € w being its

set of inference rules, where each r € R is a relation r C Ly,
arity. Nullary rules are dubbed axioms. Moreover, the way we specify an n-ary rule in

this work is by a schema of the form

Ay ... A, ;
AnJrl
By this we mean that (A;7,...,A,7, A,117) € r for every substitution o. We may write
such schema in inline form using the syntax (r) Ay, ..., A, /A, 1. The formulas A;,... A,

are called premisses, while A, is the conclusion of r. Each p € r is called an instance
of r. A rule involving more than one connective is called an interaction rule or mixing

rule.

A Hilbert calculus .7 := (X, R) induces a logic Ly := (X, ), where I' F, B if
there is a sequence of formulas By, ..., By, with £ > 1, such that, for each 1 < i < k,
either (i) B; € I', or (ii) B, is an instance of an axiom of J# or (iii) B; results from an
application of an m-ary rule r € R to earlier formulas B;,,...,B;, in the sequence, i.e.
(B ., B
called a derivation or deduction of B from I'. Aside from having properties (R), (M) and

i1y - - i s Bi) € r, with 4 < 4 for all 1 < [ < m. The aforementioned sequence is
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(T), the relation F 4 is also finitary given the finite character of the derivations. When
Cy,...,C7 FrCq 4, for some C; € LE, with 1 <i < n, and all o € Sb(LL), we say that

the rule
c, ... C,
Cn+1
is derivable in 7

Fxample 2.3.1. A proof-theoretical characterization of Classical Logic is given by the

following Hilbert Calculus over X :

Hilbert Calculus 1. ¥4

A A—>BCI
B 1
C|2

A— (B—A)

ASBoO) 5 (AsB SRS

C|4

(AAB) = A

(AAB) B

AS B (AAE)

As(Ave)

B (AvE)

ASOS(Bo0 S (AvB o)

(A5 B) = (A= -B) = -A) 0

C|11

——ASA

=l
T Ch2
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1A chs

2.4 Logical matrices

A logical matrix M over a signature X is a structure (M, D), where M is an algebra
over Y whose carrier M is the collection of truth-values, and D C M is the set of
designated values. For each # € X, let #™ denote the interpretation of # in the algebra
M, that is #™ := #M. The definition of a clone naturally extends to the one of the clone

of a logical matrix, by letting Clo(IM) := Clo(M).

A valuation over M or an M-valuation is a homomorphism from the algebra language
LE into M; in other words, the set of all such valuations, denoted here by Valp(IM),
coincides with Hom(LE, M). We say that a valuation v over M satisfies a formula A if
v(A) € D and that it satisfies a set of formulas I' if v(I') C D, with v(I') = {v(A) | A € T'}.
Where T U {A} C L& let Tk A if and only if every M-valuation that satisfies T’ also
satisfies A. Then we can show that Ly = (X,Fy,) is a logic (i.e. k-, satisfies (R), (M),
(T) and (S)) and we call it the logic characterized by M.

A Hilbert calculus 7 is sound with respect to a logical matrix M when F_,C .
Conversely, it is complete with respect to M when tp; CF . In addition, the calculus
¢ axiomatizes M when it is sound and complete with respect to M. We also say that

this calculus is an axiomatization or is adequate for M.

Finally, we present a key construction that allows us to produce a matrix for a given
signature based on a known matrix and a translation. Given signatures = and 3, a
translation t : = — LL and a logical matrix M = (M, D) over 3, we may say that
M induces an interpretation #™ : M* — M under t for each # € Z® such that
#M(ay, ..., ar) = v(t(#)), where v is any M-valuation for which v(p;) = a; for 1 < i < k.
We denote by M*® the logical matrix over = with the same truth-values and designated
values as M whose interpretations for each symbol in = are the induced interpretations

under t.

2.5 Classical Logic and its fragments

For any desired signature >, denote by 25 an algebra over > whose carrier is the set

{0,1} and by 2y the logical matrix (2y, {1}), also called here a 2-matrix. Additionally,
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let By, be the logic characterized by 2y, i.e. By := Ly,,. Classical logic is then defined
as the logic characterized by any 2-matrix 25 such that Clo(2y) = C101},

Ezxample 2.5.1. A common matrix for Classical Logic is 2 := 2y,,,, whose algebra is 2,

given previously.

It is well-known that some combinations of these operations (for instance, those

for = and A) are functionally complete, so Clo(2y,,, ) = C{%}

Any other 2-matrix characterizes a fragment of Classical Logic. Of course, the
ones of interest in this work are the proper fragments. Henceforth, whenever # € ¢,
appears in the context of a fragment, we will use the interpretation #2 given in the

previous example. Moreover, whenever connectives other than those of X appear in a

P

signature % of a fragment of Classical Logic, we will present a translation t : ¥ — Ly |

such that 2y = 2t

Yor®
Ezample 2.5.2. The matrix 2, , 7 | is a proper fragment of Classical Logic, since antitone

2

functions like =% are not in Clo(2, v 1,1).

In [10], Emil Post studied the collection of all clones over {0, 1}, characterizing it as a
countable! lattice ordered under inclusion, known as Post’s lattice, whose members are
all finitely generated, i.e. generated by a finite set of operations over {0, 1}. This means
that there is a corresponding 2-matrix for each of those clones, allowing us to see Post’s
lattice as the lattice of all fragments of Classical Logic. Since its characterization, this

lattice has been used to investigate properties of such fragments and their relationships.

In one of these explorations of Post’s lattice, Wolfgang Rautenberg encountered finite
axiomatizations for each fragment of Classical Logic [11]. In the next chapter, we will
study most of them in detail. As a convention, for any given 3, we will denote by Ay, the

calculus that we claim to be adequate for the classical fragment 2y.

2.6 Lindenbaum-Asser Lemma

In this section, we present in details the Lindenbaum-Asser Lemma, which allows us to
produce relatively maximal theories for non-trivial finitary logics. This result is a powerful
tool for proving the completeness of a calculus and it is used exhaustively throughout this

work.

LCuriously, collections of clones over sets with larger cardinality turn out to be uncountable.
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Theorem 2.6.1. For any finitary consequence relation = C Pow(L)Xx L and any TU{Z} C
L, if 't/ 7, then there exists a set 'V D T' such that

(i) Tt/ Z;

(it) TT,BE Z, for any B T'"; and

(111) the characteristic function of TV is consistent with b, verifying all of Tt and falsifying
7.

Proof. Let = be a finitary consequence relation over a language L. Suppose that I' t/ Z,
for some I' U {Z} C L. Then consider an enumeration Aq,...,A,,... of the formulas of

L, and define the sequence {I';};° by setting
I'hy="T

LiU{Aia} 0, AL K7,
Liy1=
I otherwise.

Finally, define I't := (J:2,I';. First of all, notice that (a): I'; I/ Z, for each i, a fact
that can be easily proved by induction: the base case holds because I' ¥ Z, and assuming
[y t/ Z, for some k > 0, directly from the above construction and the induction hypothesis

we get T'yy1 I/ Z. Since I' = T’y C '™, it remains to verify (i), (i7) and (7).

For (i), suppose that I'" - Z. Then, since I is finitary, there is some finite © C T't
such that © F Z. Since © C T';, for some i, we get, by (M), I'; - Z, which contradicts (a).
Then I't / Z.

For (ii), if B ¢ T'", then B ¢ T and, in case B = Apyq, ['yi1 = T (otherwise
A1 =B e T, what is possible only if I, Ay 41 F Z, according to the construction given

above.

For (iii), let ut be the characteristic function of ', that is u*(A) = 1 if, and only if,
A e T'". Clearly, u*(T") C {1}. By assuming pu*(Z) = 1, we have Z € T't| and, by appealing
to (R) and (M), I'" F Z, contradicting (7). Consistency with - can be proved again by
contradiction: assume that x* is not consistent with . Then, there is © U{A} C L such
that © F A, but u*(©) C {1} and p*(A) = 0. Because | is finitary, Oy - A for some
finite ©9 C ©. Because u™ is the characteristic function of ', A € I'" and, using that
pt(©g) C {1}, ©®g C I'". Let k be the greatest index of the formulas in Oy and [ be
the index of A, considering the enumeration Aq,...,A,,... used in the construction of
['". Thus ©¢ C T', and, because Oy + A, (b): Ty F A by (M). Moreover, since A ¢ 't
A ¢ T, meaning that (c): I';, A - Z, by (ii). Let m = max{k,[}, then I'y,I'; C I',,,. This
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fact, together with (b) and (c), leads to (b)": T, H A and (¢): T',,, A F Z. By (T) from
(b)" and (c)’, T, F Z, which, by (M), implies I'" - Z, contradicting (7). O

Corollary 2.6.1.1. For I'" and Z as given in Theorem 2.6.1, we have 'V, B Z iff B €
.

Proof. The left-to-right direction is the contrapositive version of (7). For the right-to-left,
the proof goes by contradiction: suppose that I'", B+ Z and B € I'*. Then I'" I Z, which

is impossible in view of Theorem 2.6.1 (). O

Corollary 2.6.1.2. The relatively maximal set T constructed in the proof of Theo-
rem 2.0.1 is deductively closed, namely, for all A € L,

MtHAffAel™.

Proof. Suppose that I'* is Z-maximal. The right-to-left direction follows by appealing to
(R) and (M). For the left-to-right direction, using the contrapositive version, assume that
(a): A € T'". The proof goes by contradiction: suppose that (b): 't - A. Because of (a),
Theorem 2.6.1 (i7) leads to (c¢): ', A + Z. Then, (T) applied to (b) and (c) results in
't I Z, contradicting the fact that I'* is Z-maximal. O

Finally, the following result gives sufficient conditions for a relatively maximal set
being nonempty when we are dealing with consequence relations sound with respect to
some logical matrix. It plays an important role in some completeness proofs presented in

Chapter 4.

Lemma 2.6.2. Ift is a consequence relation over ¥ and = Clyp, for some logical matrix
M having no tautologies and at least one designated value, then every Z-mazximal set with

respect to = is non-empty.

Proof. Let Tt C LL be a Z-maximal set with respect to some consequence relation -
over X, and suppose that - C Iy for some logical matrix M having no tautologies and at
least one designated value, say a. We want to show that I't # @. Work by contradiction:
suppose that I't = @, then A F Z for each formula A, by Corollary 2.6.1.1. In particular,
(a): p F Z, for some propositional variable p ¢ Vars(Z). Since Z is at least a contingent for-
mula with respect to M, take an M-valuation v such that v(Z) = u, for some undesignated
value u, and consider another valuation v* that agrees with v but gives the assignment
v*(p) = a. Then, v*(p) = a, but v*(Z) = u, hence p t/y Z and so p I/ Z, contradicting
(a). O
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2.7 Completeness via relatively maximal theories

We describe now a general procedure for proving the completeness result of a calculus
with respect to a fragment of Classical Logic. Given a signature I, a logical matrix 2y,
and a Hilbert calculus % over ¥, the (strong) completeness result consists in proving that

Fa,, € F4. By contraposition, this amounts to showing that, for all I' C Ly, and A € Ly,

if I't/z A then Tt A.

With this purpose, assume that I' /4 Z, for some I' C Ly, and Z € Ly,. Since 4
is finitary, the Lindenbaum-Asser Lemma (Section 2.6) guarantees that there is a set
I'" D T such that I't /4 Z and the characteristic function u of I'" is a candidate for
a 2x-valuation consistent with 4. Since I' C ', u™(T") C {1} also holds, meaning that

I' t/9,, Z, the desired result for completeness.

The crucial step is then proving that p*, as stated above, is indeed an 2x-valuation.

Formally, this assertion means that for each # € £ with n € w,

pt(#(AL .. AY) = 1iff #22(ut (A, ..., ut(AY)) =1, (2.1)

where #2% is the interpretation of the connective # in 2y. The right-hand side of that
condition is equivalent to the meta-disjunction of the £ meta-conjunctions of the form
pt(Ay) = o) and ... and pt(A,) = o corresponding to each of the k determinants
(of,...,ad 1) of the truth-function of #25, where 1 < j < k. Because pt(A) = 1iff A €

I'", proving assertion 2.1 is equivalent to proving the property

#(A1,...,A,) €Tt (#)
iff

(AyeElT"and ... and A, EL T or ... or (A EF T and ... and A, EF T'M),

where E{ =c if af =1, and ng = ¢ otherwise. Notice that if # is nullary and #2> = 1,
the property (#) reduces to # € ', and, in the case #** = 0, it becomes # ¢ I'T.
Depending on the truth-table of the connective # in 2y, the expression of property (#)
can be highly simplified, easing the path to prove it.

Ezample 2.7.1. Let us find the completeness property for V, namely (V). By inspecting
its truth-table (see Example 2.5.1), the determinants of interest are (0,1,1), (1,0,1) and
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(1,1,1). The specialization of the expression in property (#) for the case of V gives us

A1 V A2 € r*
iff
(A; €T and Ay eTH)or (Ay el and Ay ¢ T ) or (A €T and Ay € T)

that can be simplified to

1A1\/A2€F+ iﬂ:AIEF+OI’A26F+.

Since proving the aforementioned property for every connective in the language of
the calculus under consideration means that p* is a 2g-valuation, and, as it was already
shown, p™(T") C {1} but u(Z) = 0, the conclusion is that I' t/y, Z, finishing the com-
pleteness proof. This method is repeatedly applied in Chapter 4 to prove the completeness

of the proposed calculus for each of the fragments of Classical Logic under study.

Remark 2.7.2. The technique just described can be naturally extended for logical matrices
with more than two values. In such case, we have to look for an appropriate mapping to
play the role of u™ and to express property (#) in terms of the set of designated values

of the matrix.

2.8 Axiomatic Expansion Lemma

Numerous fragments of Classical Logic, under the perspective of 2-matrices, result
from other fragments by adding the nullary operation T to their base set of operations. If
the properties necessary for completeness of a calculus in the reducts are preserved in the
expansions, then axiomatizing the calculus of the expansion becomes an easy task. The
main goal of this section is to show that sequent-style rules are preserved in countable
axiomatic expansions, a result from which the completeness of all calculus resulting from

expansions by the constant T trivially follows (see [5] for a more general version).

Before getting into it, some preliminary results are due. The first of them shows that
the notion of reasoning with new axioms in an expanded language can be equivalently
expressed by using them either as assumptions in the least expanded logic or incorporating

them by means of the axiomatic expansion notion.

Lemma 2.8.1. Let ¥ and X" be signatures such that ¥ expands 3, and let - be a

consequence relation over ¥. Then, where A C LE, and b is the smallest expansion of
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F to L;r, the following equivalence holds:
foralTU{C} C L. T, Ciff T, S(A) . C, (%)
where S(A) = {A? | A € A,o € Sb(LL,)}.

Proof. Consider the relation y such that I' ¢ B if, and only if, I'; S(A) F, B, where
F_ is the least expansion of F in ¥ . Our goal now is to show that ¢ is a consequence
relation over Xt that expands F. Notice that if T' = B, then I' k-, B, which, by (M),
yields I, S(A) k4 B, thus I' k¢ B, so - expands . Also, by (R) and (M), we have
{B},S(A) 1 B, then {B} ¢ B, thus - respects the property (R). Moreover, if © C I’
and © k¢ B, then, by (M), ©,T,S(A) k-, B, meaning that I', S(A) -, B, thus I -, B,
so that o respects property (M). Properties (T) and (S) also follow from those in F.
Therefore, ¢ is a consequence relation over X7 that expands F. Then, proving (x*) is
equivalent to proving that Fy = F,,. With this aim, let F' be an expansion of F such
that H" A for all A € A. By definition of t, if I" o B, then I, S(A) -, B. Hence, because
. is the least expansion of - on LE,, we have (a): I', S(A) H' B. Since (b): F A for all
A € A, by (T) from (a) and (b), we get I' ' B, so iy C I, proving that - is the least

expansion of - that incorporates the formulas in A as theorems, that is, Fo =, 4. n

The next two lemmas establish relations between substitutions in the original and in
the expanded language, and in the original and in the least expanded logic, respectively.
Henceforth, we use skys; to denote the skeleton function given in Example 2.2.3, with the
underlying enumeration of the formulas in Lg\ZJr being {Qi},c, -

Lemma 2.8.2. For signatures ¥ and X7, such that X C X7, and a substitution et €

Sb(LL,), there is a substitution e € Sb(LE) such that:

+

sky, 0™ = e o sky.

Proof. Consider arbitrary signatures ¥ and X1 such that ¥ C X1, and a substitution
et € Sb(LL,). Then, let e = sky 0 e™ o sky;'. The equation of this lemma obviously holds
and, because sky and its inverse satisfy the homomorphism condition (see the definition

of skeleton in Section 2.2), e is a substitution. O

Lemma 2.8.3. Let X and X7 be signatures such that ¥ C X, and let = be a consequence
relation over ¥, with b being its least expansion over X*. Then, for T U{A} C LE, | the
following holds:

['F, Aiff sks(T) F sks(A). (%)
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Proof. Let ko be a relation such that I' Fq A if, and only if, skx(I") I skg(A). We proceed

by proving that o ="F_. First, notice that - is a consequence relation because:

e (R) follows from the fact that sky(A) b sks(A), since I is a consequence relation;

e (M) follows since, if © ¢ A, then sky(0) F skg(A), and skg(©), sks(I") F sks(A)
(because - respects (M)), but, if © C I', then skx(©) C skx(I'), so skx(I') - sks(A),
and I' g A;

e (T) follows because, if I',© F¢ A and I" ko B for each B € O, then sky(I), sks(©)
sks;(A) and sky(I') - sks(B) for each B € ©, so sky(I') - B, for each B’ € sky(0),
leading to skx(I") F sks(A) (by (T) of ), thus I' ¢ A; and

e (S) follows from Lemma 2.8.2.

Notice that sks,, the restriction of sky, to Ly, is a substitution (this follows directly from
the definition of a skeleton given in Section 2.2), so, if I' = A, then, by (S), sk3;(I") = sk, (A),
and, by the definition of g, I' g A, thus F expands .

Now, let ' be a consequence relation over ¥* that expands . For I'U{A} C L,
suppose that I' k¢ A, so by the definition of F, skx(I") F sks(A). Define the function

b: L§+ — L§+ such that:

Pi if C = py;,
b(C) = ¢ Q; if C = paiy1,
#(O(Cy),...,b(Cp)) HC=H(Cy,...,Cp).

Notice that the third case in this definition makes b a substitution on L§+. Because
- CH, we have skg(I") F sk (A), and, since b € Sb(LL, ) and ' is a consequence relation,
b(sks(T)) H b(sks(A)), thus I' ' A, given that b o sky is the identity on LL, (by
restricting b to LL). This shows that ko CH, thus o=, ]

It is worth noting that (for sk, as defined in the lemma above), because skg, is a

substitution on LL:

if d € Sb(LL) then d o ski, € Sb(LY). (%)

Theorem 2.8.4. A sequent-style rule that holds in a consequence relation = over ¥ holds

in each (countable) axiomatic expansion of k.
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Proof. Let ¥ be an arbitrary signature, and consider a sequent-style rule over ¥ having
the form Ay > Cy,...,;A, » C,/A > C, and assume that it holds in F, that is, for all
o € Sb(LE) and " C LE:

if I,A% - C7 and ... and T', A% - CZ then T, A - C°. (%)

Now, let ¥* be a signature that expands ¥ and let A C Ly, . In order to complete this
proof, the following needs to be proved, for all o € Sb(LL,) and I' C LL, :

if IVATFia CTand .o and I AY iy CF then I, A7 oy C7 (xT)
Accordingly, let ¢ € Sb(X*) and I' C Ly,. Suppose that I',; A7 k., C7, for all

1 <i < n. Then the following reasoning proves the desired result (we change C” and A“

to o(C) and o(A), respectively, for better legibility):

(1) T,o(A;) Fyn o(Cy) Assumptions, all 1 <i<n

(2) ST, o) by o(C) 1o

(3) skn(S(A )):Skz( ), ske(0(Ag)) b sk (a(Ci)) 2+

(4) sks(S(A)),sks(T),d(sks(A;)) F d(sks(C;)) 3 Lemma 2.8.2 (e™ =0 and e = )
(5) sks(S(A)),sks(T),5(sks(A)) F 5(sks(C)) 4 x? and %

(6) sks(S(A)),sks(I"),sks(c(A)) Fsks(o(C)) 5 Lemma 2.8.2 (e =0 and e = 7)
(7) S(A),T,0(A) F, 0(C) 6 *

(8) I o(A) ki o(C) 7 %%

]

Corollary 2.8.4.1. If By, is aziomatized by B, as a consequence of sequent-style rules,
then Bs, 1 is aviomatized by the calculus resulting from the rules of Py, together with the

nullary rule (t1) /T.

Proof. Given Theorem 2.8.4, we only have to show that the consequence relation g,
is the axiomatic expansion of 4. determined by {T}, i.e. the least expansion of g4,
having T as theorem. First of all, notice that kg, T, given the presence of rule t;.
Also, it is clear that 5, - expands 4,,, because %y, + has all the rules of %y. Now it
remains to show that k-4, . is the least expansion of b4, having T as theorem. For that,
suppose that kg4, CH, for some F having T as theorem. We will show that '7%: CH by
induction on a derivation in &y 1. So suppose that I' -5, . A and that this is witnessed

by a derivation Aj,..., A, = A. Let P(i) mean the consecution I' ' A;, so that P(n)
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is what we want for the present proof. For the base case, we have two possibilities: (i)
A, €T or (ii) A; is an axiom instance of Ay, r. For (i), apply (R) and (M) to get I' " A;.
For (ii), it is clear that if F4_ Ay then F' Ay, since F’ expands 4., and, in case A; = T,
we know that ' T, so this possibility also lead to I' ' Ay by (M). For the inductive step,
suppose that P(j) holds for all 1 < 7 < k with £ > 1. Then we have three possibilities for
Ay: (i) and (ii), whose proofs are the same as before, and (iii) Ay results from the instance
(Akys - A, Ag), for by < kand 1 <1 < m of an m-ary rule of Hy, . Since this rule must
also be a rule of Ay, we have Ay, ..., Ay, F A, thus, by (M), (a): I', Ag,, ..., Ag,, F Ay
Then, from (a) and the induction hypothesis, we get I' " Ay by (T). O
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3  Hilbert calculi on Lean

Lean is a programming language and a theorem prover that aims to support both
interactive and automated theorem proving in a general and unified framework [1]. It is
based on a version of dependent type theory called Calculus of Constructions [6], which
can express complex mathematical assertions, specify hardware and software, and reason
naturally and uniformly about them. This work explores the capacity of Lean to accom-
modate the specification of axiomatic systems and verify that every claim about them is
justified by an appeal to prior definitions and theorems. Henceforth, we will use Exam-
ple 2.3.1, which presents a well-known axiomatization for Classical Logic, to illustrate the
task of specifying a Hilbert calculus and proving some properties about it. In Section 4,
we will apply the same strategies to specify the proposed calculi for the main fragments

of Classical Logic.

As we know from Section 2, the definition of a Hilbert calculus demands a language,
which is specified by means of a signature made of symbols — the connectives of the
language — with an associated arity, and a set of rules of inference. Therefore, before
proving anything about a calculus, we need to give its specification in Lean in terms of

its connectives and inference rules.

In Lean, propositions — the elements of a language — are treated as objects of the
built-in type Prop. So, for example, the expression a — (b v ¢) in Lean denotes an object of
type Prop. We can use the command #check to verify the type of an object, so #check(a —
(b V ¢)), given the appropriate declarations of the variables, outputs a — b Vv ¢ : Prop. Since
connectives in a language are operations that transform formulas into a new formula,
in Lean they are implemented as functions over the type prop. We will use the keyword
constant to introduce new function symbols in the working environment and, in order to
declare a function that takes an argument of type A and transforms it into an object of
type B, we use the construction A — B. So, the way we declare the connectives for our

example is given below.

—— conjunction
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constant and : Prop — Prop — Prop
—— disjunction

constant or : Prop — Prop — Prop
—— implication

constant imp : Prop — Prop — Prop
—— negation

constant neg : Prop — Prop

—— top

constant top : Prop

—— bottom

constant bot : Prop

In addition, we can let the expressions with binary connectives be given in infix

notation by using the notation construct:

notationa‘or'b:=orab
notation a ‘imp‘ b := imp a b

notation a ‘and‘b:— and a b

Now that we have the language for our calculus, we need to specify its rules. Rules
are also seen as functions in Lean, but this time defined in terms of dependent types,
so that we can apply them to any formulas that obey the rule format (remember that
a rule is presented schematically, but is actually an infinite set of tuples determined by
substitutions over its schema). Such types are called Pi types, whose detailed exposition
is not of interest to us here, and they have a very convenient notation in Lean, using the
symbol V. Because we want to give names to the rules so that we can use them in proofs,
we have to define new symbols in the environment, what is possible via the constant
construct, as we did for defining the connectives. Lean, however, offers the keyword axiom

with the same purpose, and thus we can make our specification closer to the typical

mathematical jargon.

Below we have the specification of the rules (and axioms) for our example. Notice that
the implementation of cly (the rule of modus ponens) is a function that accepts an object
of type a and another object of type a imp b and gives an object of type b. A common
interpretation for such objects is to consider them as proofs of the formulas corresponding

to their types.

axiomcly : V{ab:Prop},a—aimpb—b

axiom clp : V {a b : Prop}, a imp (b imp a)

axiom clz : V {a b c : Prop}, (a imp (b imp ¢)) imp ((a imp b) imp (a imp c))
axiom cly : V {ab: Prop}, (a and b) imp a
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axiom cls : V {a b: Prop}, (a and b) imp b

axiom clg : V {a b : Prop}, a imp (b imp (a and b))

axiom cl7 : V {a b : Prop}, a imp (a or b)

axiom clg : V {a b : Prop}, b imp (a or b)

axiom clg : V {a b ¢ : Prop}, (a imp ¢) imp ((b imp ¢) imp ((a or b) imp c))
axiom clig : V {a b : Prop}, (a imp b) imp ((a imp (neg b)) imp (neg a))
axiom cly; : V {a : Prop}, (neg (neg a)) imp a

axiom cljp : top

axiom cly3 : V {a : Prop}, bot imp a

At this point, we have our system fully specified in Lean. We are now ready to prove
properties about it. For example, we want to show that A — A, for each formula A,
is a theorem in the system under discussion. For that, we have to present a sequence
of formulas (a derivation) ending with A — A, where each of its elements is either an
instance of an axiom or results from an application of a non-nullary rule of the calculus
to earlier formulas in the sequence. At each step in this derivation, we commonly want to

justify what rule (or axiom) and what formulas (if any) were used.

In Lean, when we want to prove a property like this without the need to name it, we
can use the keyword example to establish the property, and each step in the derivation
uses the keyword have followed by the formula we want to derive, and the keyword from
to indicate the rule (or axiom) and the formulas (if any) we used to derive it. This last
construct is actually the application of a rule to some formulas, in the functional sense.

That said, see below the derivation of a imp a in Lean:

example {a : Prop} : a imp a :=
have h; : (a imp ((a imp a) imp a)) imp ((a imp (a imp a)) imp (a imp a)), from cls,
have hy : a imp ((a imp a) imp a), from cly,
have hj : ((2 imp (a imp a)) imp (a imp a)), from c1l; hy hy,
have hy : a imp (a imp a), from cls,

show a imp a, from cl; hy h3

Notice that we can easily translate this code to the typical form of a derivation tree:

A (ASA) SA) = (A (ASA) = (Ao A) cls A (ASA) A clz
As@Aoa P A (A>A) > (A A) ch
A— A

C|1

Moreover, in this work, we will be often required to prove the derivability of non-

nullary rules in a calculus, and, in addition, to use these rules in other derivations, requir-
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ing thus name for them. The way we do this in Lean is very similar to the above example,
but, instead of using the example construct, we use theorem. Since we want a non-nullary
rule, we will also declare parameters for the property, so that we can use them in the
derivation. Just to give an example, suppose that our task is to show the derivability of

the following rule in our calculus for Classical Logic:

A—-B B->C
A—=C

clig

Then we can see the Lean code for it as a function taking as arguments a proof of a imp b
and a proof of b imp ¢, and producing a proof of a imp ¢ by means of a derivation in the
sense of the previous example. Section 4 is full of derivations like this, since we need to
show the derivability of rules that are important for proving the completeness of most of
the calculi we are going to deal with. Below we present the proof of the derivability of cli4
in Lean code, which can also be easily translated into a derivation tree, sketched in the

sequel.

theorem cly4 {a b c: Prop} (h; : 2 imp b) (hy : b imp ¢) : a imp ¢ :=
have h3 : (a imp (b imp c)) imp ((a imp b) imp (a imp ¢)), from cls,
have hy : (b imp c) imp (a imp (b imp c)), from cly,
have h; : a imp (b imp c), from cly hy hy,
have hg : (a imp b) imp (a imp c), from ¢1; hs hs,

show a imp c, from cl; h; hg

BoOo(AoBoo) ® B50
A (B> Q) ch A5 B-C) = (A=B) > (A>Q) cls
(A—B)— (A— Q) ch

A—B

C|1

A—C

We finish this exposition with the representation in Lean of sequent-style rules. Such
kind of rules can be useful when we need meta-properties in a proof of derivability, that
is, when we reason in terms of properties regarding the associated consequence relation.
Section 4.7 is full of examples of derivability proofs using the rules given in Example 2.2.4
together with weaker versions of property d, (see Lemma 4.7.3). The implementation in
Lean of such rules uses again functions on dependent types, but now taking as arguments
functions representing each sequent in the following way: if Ay,..., A, > B is a sequent,
then we let the functional type at — ... — an — b be the type of the objects representing

that sequent. To illustrate this, the Lean code for the aforementioned rules is:
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—— rules holding in every consequence relation

axiomR :V {a:Prop},a — a

axiomM; : V {abc:Prop}, (a = b) = (c > a—Db)

axiom Ty : V {abc:Prop}, (a—=b) = (b—c) = (a = c)

axiom Ty : V{abcd:Prop},(d—>a—Db)—>(d—b—c)—(d—>a—c)

—— weaker versions of 6 _or

axiom d_or; : V{abc:Prop}, (a—c) = (b—=c)— ((aorb) = c)

axiom d_ors : V{abcd:Prop},(d—>a—>c)—=(d—=b—=>c)—(d— (aorb)—c)
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4 The fragments and the calculi

This chapter is devoted to the detailed presentation of a Hilbert calculus for each of the
main fragments of Classical Logic. Figure 2 shows a version of Post’s lattice highlighting
only the fragments of interest for this work — those in the finite portion of the structure
— and exhibiting some groups (determined by the black lines) in which such fragments
are organized. We intend here to cover the lattice in the ascending order of the numbers
corresponding to each group. Each group is covered bottom-up, with its members being
developed in one or more sections of this chapter. A fragment together with its expansions
by constants are often grouped in the same section, since, in general, their calculi differ

by minor changes.

B

Bki,.v,T Bki.,\/,J_
B .

10 P

®Bav, LT
oBrv,T By .

9 O DOANV

.Bdc7—|
o Bycpt
[} Bdc

Bad’—r 7 BptyJ—7T Bkl 1
[} [ ]
Bad Bpt,TBp.t,ﬁ Bpt,L Bki

[ ] [ ) [ J (]

Figure 2: Main fragments of Classical Logic in Post’s lattice.
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4.1 B@a BT7 BJ.) BJ_,T

The peculiar fragment of Classical Logic induced by the logical matrix 24 is axiom-
atized by the equally peculiar Hilbert calculus %, whose set of rules is empty. In order
to understand why no rules are necessary in this case, first notice that, in the absence of
connectives, every formula of L, is a propositional variable, that is, where P is the set of
propositional variables, L, = P. Hence, the set of 24-valuations is the set of all functions
from P into {0, 1}. Because of that, whenever I' U {p} C L, and I' k5, p, the variable p
must be in ', for otherwise we could take any valuation that assigns the value 1 to every
variable in I" and 0 to p. Since p € T, properties (R) and (M) imply that I" F4_ p, the
desired completeness result. Notice that any calculus over L would be adequate in this

case, but the least one that is sound (clearly by vacuity) with respect to 24 is 4.

We proceed now to the fragments Bt, B, and B, 7, whose axiomatizations are as
simple as their languages. The calculus %A+, presented below, will be used throughout
the present chapter (and at the end of the present section!) in mergings that axiomatize
expansions of other fragments of Classical Logic by the constant T, in view of Corol-
lary 2.8.4.1.

Hilbert Calculus 2. 4+

— t
Tt

Theorem 4.1.1. The calculus B+ is sound with respect to the matriz 2+.

Proof. There is only one rule and its conclusion is evaluated to 1 for any 2-r-valuation,

what guarantees the soundness of the calculus under discussion. O]

Theorem 4.1.2. The calculus A+ is complete with respect to the matriz 2.

Proof. Consider the procedure described in Section 2.7, let I' U {Z} C L, such that
I' V5. Z and take a Z-maximal theory I'" D T'. Since T is the sole connective in this
language, and v(T) = 1 for any 2r-valuation, proving completeness in this case is a matter

of showing that
Tel™, (T)

by an specialization of property (#). Notice that I'" 4 T, by t; and (M). Then, by
using Corollary 2.6.1.1, we have T € I't. O
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Hilbert Calculus 3. 4,

A

Theorem 4.1.3. The calculus A, is sound with respect to the matriz 2 .

Proof. There is only one rule and its sole premiss is evaluated to 0 for any 2 -valuation;

therefore the calculus is sound with respect to 2. O

Theorem 4.1.4. The calculus A is complete with respect to the matriz 2 .

Proof. Considering the procedure described in Section 2.7, let ' U {Z} C L, such that
I' /%, 7 and take a Z-maximal theory I'" D I'. Since L is the sole connective in this
language, proving completeness amounts to showing the following specialization of Prop-
erty 2.1:

Lgrt, (1)

The proof goes by contradiction: assume that L € I'*. Then, by Corollary 2.6.1.1, I't k4
L. The instance (L, Z) of rule by, alongside with (M), implies that I'", L -4 Z. Property
(T) applied to the mentioned assertions gives I't k4 Z, contradicting the fact that
Ty, Z. O

Remark 4.1.1. Notice that the presence of the rule by in a calculus having | in its language

is enough to guarantee the completeness property (L).

The expansion Bt is axiomatized by the calculus below, given the preservation

results for T-expansions presented in Corollary 2.8.4.1:

Hilbert Calculus 4. %, +

B, B

4.2 B/\, B/\,TQB/\,J-7B/\9J-9T

The calculus for B, proposed below reflects the behaviour of A? and, as we will see,

its rules are all we need to prove the completeness property (A), obtained by specializing
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property (#) for the case of A.

Hilbert Calculus 5. %,

A B, AAB
AAB

¢, AAB

A B

Theorem 4.2.1. The calculus &, is sound with respect to the matriz 2,.

Proof. Let A,B € L,. Suppose that (A,B,A A B) € c¢;. Let v be a 2,-evaluation, such
that v(A) = 1 and v(B) = 1. By the truth-table of A in 2,, v(A A B) = 1. For rule ¢,
suppose that (A A B,A) € c; and that v(A A B) = 1. Then the truth-table of A in 2,

imposes that v(A) = 1. The proof for rule c3 is analogous. O

Theorem 4.2.2. The calculus B, is complete with respect to the matrix 2,.

Proof. Consider the procedure presented in Section 2.7 and take ' D I' as a Z-maximal
set, where 'U{Z} C L, and I' t/5, ¢. By specializing property (#) for the case of A, the

completeness property to be proved is given by
AABeTl" iff AeTtandBeTlT, (N)

for every A, B € L,. From left-to-right, suppose that AAB € T'". Since I'" is deductively
closed, I'" 4, AAB. By rule ¢; and (M), ') AAB 4, A. Then, by (T), I't k5, A, so
A € T't. The proof that B € I't is analogous using rule c3. From right-to-left, suppose that
AeTtand BeI'", thus'm 4, A and I't 4, B. By rule ¢; and (M), I'";A,B 4,
A A B, and hence, by (T), ' 4, AAB, then AAB e I'". O

Remark 4.2.1. Notice that the relative maximality of I'" was never invoked in this proof.
In fact, any deductively closed set would suffice. Moreover, only the rules of %4, were
needed in the completeness proof, meaning that adding new rules to this calculus would

not disprove the completeness property (A).

The expansion B, 1 is axiomatized effortlessly by the calculus below, given Corol-

lary 2.8.4.1.

Hilbert Calculus 6. %4, +
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e@/\ %T

The expansion B, | turns out to be easily axiomatized by the calculus below (an

uncommon case, since expansions by the constant L often need mixing rules):

Hilbert Calculus 7. %4, |

By By

Since the completeness property (A) still holds in this calculus (see Remark 4.2.1), the

completeness result of this expansion trivially follows because the rule b; implies the
property (L).
Finally, using Corollary 2.8.4.1 again, the expansion B, ;| 7 is axiomatized by the

following calculus.

Hilbert Calculus 8. %, | +

Br1 B

4.3 Bka; Bka, L

The classical connective ka may be defined from those in B via the translation t(ka) =
Ap,q,r.p A (q V r) and gives rise to a more complex fragment than those of the previous
sections with respect to the corresponding Hilbert calculus. The rules of %, are presented

below, followed by the soundness result with respect to 2y,.

Hilbert Calculus 9. %,,

ka(A, B, B)

B
ka(A,B,ka(A,C,D))
ka(A, ka(A,B,C),D)

k32

ka4
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ka(A,B,C) ka(A,B,ka(A,D,E)) ka(A,C,ka(B,D, E)) K
ka(A, B, ka(C, D, E)) % ka(A, C, B) %
ka(A,C,ka(B,D, E))
ka7

ka(A,C,ka(A, D, E))

Theorem 4.3.1. The calculus B\, is sound with respect to the matriz 2,.

Proof. Let v be a 2,,-valuation, and, to simplify notation, denote also by v the 2-valuation
v" such that v = t ov’. The rule ka; is sound because, if v(A) = 1 and v(B) = 1,
then v(B v C) = 1 and thus v(ka(A,B,C)) = 1. For kap, if v(ka(A,B,B)) = 1, then
v(BV B) = 1, and v(B) = 1. For kas, if v assigns 1 to its premiss, then v(A) = 1 and
v(B v C) = 1, and, because the interpretation of V is commutative (see rule ds of the
axiomatization for By in Section 4.5), v(CV B) = 1, and v(ka(A, C,B)) = 1. For rule kay,
if v(ka(A, B, ka(A,C,D))) =1, then v(A) = 1 and either v(B) =1 or v(ka(A,C,D)) = 1.
In the first case, v(ka(A, B, C)) = 1, since v(A) = 1 too, what verifies the conclusion. In
the second, either v(C) = 1 or v(D) = 1, both of which cause the conclusion to be also
verified. For rule kas, suppose that v(ka(A,B,C)) = 1 and v(ka(A, B, ka(A,D,E))) = 1.
Then v(A) = 1 and either v(B) =1 or v(C) = 1 and v(ka(A,D,E)) = 1. In case B = 1,
the conclusion holds because A = 1. Otherwise, C = 1 and either D =1 or E = 1. In
both those cases, the conclusion holds. For rule kag, if v(ka(A, C,ka(B,D,E))) = 1, then
v(A) = 1 and either v(C) = 1 or v(ka(B,D,E)) = 1. In the first case, the conclusion
clearly holds. The second case implies that v(B) = 1, causing the conclusion to be also
verified. For rule ka7, if v(ka(A, C,ka(B,D,E))) = 1, then v(A) = 1 and either v(C) = 1
or v(ka(B,D,E)) = 1. The first case causes the conclusion to be verified. The second
one implies that either v(D) = 1 or v(E) = 1. Both cases lead to the verification of the

conclusion. O

In what follows, if r is an n-ary rule, with n € w, let r¥®, the ka-lifted version of r, be
the rule given by the set of instances (ka(C,D,A;),...,ka(C,D, A,), ka(C,D,B)), where
(Aq,...,A,,B) is an instance of r and C,D € L,,. The main purpose of the next lemma
is to show that all ka-lifted versions of the primitive rules of ka are derivable in %,,, an

important step towards the completeness of this calculus with respect to 2y,.

Lemma 4.3.2. The following rules are derivable in B, :
ka(A, B, C) a
T A Ko
ka(A, ka(A,B,C),D)
ka(A, B, ka(A,C,D))

/!
ka,
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ka(A, B, ka(A, C,C))
ka(A, B, C)

ka(E,D,A) ka(E,D,B) .
ka(E,D,ka(A,B,C)) !

ka(D,C,ka(A, B,B))
ka(D, C, B)

ka(E, D, ka(A, B, C))

kag

ka
kas

ka

(
ka(E,D, ka(A, C, B)) <3
ka(F,E, ka(A, B, ka(A,C,D)))
(
(

ka
ka(F, E, ka(A, ka(A, B, C), D)) <%

ka(G,F,ka(A,B,C)) ka(G,F,ka(A,B,ka(A,D,E)))
ka(G,F, ka(A,B,ka(C,D,E)))
ka(G,F,ka(A,C,ka(B,D,E))) .
ka(G, F, ka(A, C, B)) %

ka(G,F, ka(A, C,ka(B,D,E)))
ka(G,F ka(A, C,ka(A, D, E)))

ka
kag

ka
ka7

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

° kao

theoremkag {a b ¢ : Prop} (h; :kaabc):a:=
have hy : ka (kaabc) (kaabc) a, from ka; hy hy,
have hy : ka (kaabc) a (ka ab c), from kaz hs,
have h; : ka (ka a b ¢) a a, from kag hy,

show a, from kas hj

o ka)

theoremkay’ {abcd:Prop} (h; :kad (kadca)b):kadc (kadab):=
have hy : ka d b (ka d ¢ a), from kag hy,
have hy : ka d (kadb c) a, from kay ho,
have hy : ka d a (kad b c), from kag hs,
have hys : ka d (ka d a b) c, from kay hy,
show ka d ¢ (ka d a b), from kag hs

° kag
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have ho

have hjg

have hjy
have hg

have hy

have hy :
:kaa (kaac(kaabc))b, from ka; hy hs,
:kaab(kaac (kaabc)), from kag hj,
:kaa(kaabc)(kaabc), from kag hg,

theorem kag {a b ¢ : Prop} (h; : kaab(kaacc)):kaabc:=
:kaa (kaabc)c, fromkay hy,

:ka a c (ka abc), from kag hs,

a, from kag ho,

show ka a b ¢, from kas hy

o ka'®

have hjy :
have hy :
have hjy :
show ka e d (ka a b ¢), from kas h; hy

theorem ka; _ka {abcde:Prop}(h;j:kaeda)(hy:kaedb):kaed(kaabc):

e, from kag ho,
ka e (ka e db) c, from ka; hj ho,
ka ed (kae b c), from kay’ hy,

o kak?

theorem kap_ka {abcd:Prop} (h;:kadc(kaabb)):kadcb:=

have hy :

ka d c (kadbb), from kay hy,

show ka d ¢ b, from kag hy

o kak®

have hj
have hy
have hj
have hg
have hry
have hg
have hyg
have hyg
have hyy
have hqo
have hyg

have hyyg

have hys

have hy :

theorem kaz_ka {abcde:Prop}(hy:kaed(kaabc)):kaed(kaach):=

e, from kag hy,

:kaeda, from kag hy,

:kaed (kaebc), fromkay hy,

:kae (kaedb) c, from kay hy,

:kae (kae (kaedb)c)Db, from kaj hy hs,

:ka e (kaedb) (ka e cb), from kay’ hg,

:kaed (kaeb (kaechb)), from kay’ hy,

:kae (kaeb (kaecb))d, from kag hg,
:kaeb (kae (kaecb)d), from kay’ hy,
:kae (kaeb (kae (kaecb)d))c, fromka; hs hyg,
:kaec(kaeb (kae (kaecb)d)), fromkas hyq,
:kae (kaecb) (kae (kaecb)d), fromkay hyo,
:kae (kae (kaecb) (kaecb))d, fromkay hys,
:kaed (kae (kaechb) (kaechb)), fromkag hyy,




have hig : ka e d (ka e c b), from kas_ka hys,
show ka e d (ka a ¢ b), from kas h3 hyg
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o kaf®

theorem kay_ka {abcdef :Prop} (hy :kafe(kaab(kaacd))):
kafe(kaa(kaabc)d):=
have hy : ka f e (ka £ b (ka a c d))
have hy : ka f (ka f e b) (ka a c d)
have hy : ka f (ka f e b) (ka f ¢ d), from kay hs,
have hs : ka f (ka f e b) (ka f d ¢), from kaz_ka hy,
have hg : ka f (ka f (ka £ e b) d) ¢, from kay hs,

, from kay hy,

, from kay ho,

have hy : £, from kag hy,
have hg : ka f (ka f (ka f (ka f e b) d) c) b, from ka; hy hg,
have hg : ka f (ka f (ka f e b) d) (ka £ ¢ b), from kay’ hg,
have hyg : ka f (ka f (kaf eb) d) (ka £ b c), from kas_ka hy,
have hy; : ka f (kafeb) (kafd (kafbc)), from kay’ hio,
have hjs : ka f (kaf eb) (ka f (ka f b c) d), from kaz_ka hyq,
letg:=kaf(kafbc)din

have h13:ka f (kaf eb) g, fromhyo,

have hi4 :ka f e (ka £ b g), from kay’ hyg,

have h;5 : ka f e (ka f g b), from kag_ka hyy,

have hjg : ka f (ka f e g) b, from kay hy5,

have hi7 : ka f (ka f (ka f e g) b) ¢, from ka; hy hyg,

have hig :ka f (kafeg) (kaf bc), from kay’ hy7,

have hjg : ka f (kaf (kafeg) (kafbc))d, fromka; hy hyg,

have hgg : ka f (kafeg) (kaf (kafbc)d), fromkay’ hyg,

have hy; :ka f (ka f e g) g, from hyg,

have hys : ka f e (ka f g g), from kay’ hoy,

have hgs : ka f e g, from kas_ka hgo,

have hgy : ka f e (ka £ (ka f b ¢) d), from has,

have hgs : ka f e a, from kag hy,

have hog : ka f (ka f e a) d, from ka; hy hos,

have hg7 : ka f e (ka f a d), from kay’ hag,

have hgg : ka f e (ka f d a), from kag_ka hayr,

have hyg : ka f (ka f e d) a, from kay hag,

have hyg : ka f e (ka £ d (ka f b c)), from kag_ka hoy,

have h3; : ka f (ka f e d) (ka f b c), from kay hjo,

have h3y : ka f (ka f e d) (ka a b ¢), from kas hag h31,

have hys : ka f e (ka f d (ka a b c)), from kay’ hso,

have h3y : ka f e (kaad (ka ab c)), from kas hos hss,

show ka f e (ka a (ka ab c) d), from kaz_ka hgy
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° kaga

theorem kas_ka {abcdef g:Prop}
(h; :kagf (kaabc))
(hp:kagf (kaab(kaade))):
kagf(kaab(kacde)) =
have hy : ka g £ (ka g b c¢), from kay hy,
have hy : ka g (ka g £ b) ¢, from kay hg,
have h; : ka g f (kagb (kaade)), from kay ho,
have hg : ka g (ka g £ b) (ka a d e), from kay hs,
have hy : ka g (ka g £ b) (ka g d e), from kay hg,
have hg : ka g (ka g £ b) (ka c d e), from kas hy hy,
have hg : ka g f (kagb (ka c de)), from kay’ hg,
have hijg : ka g £ a, from kag h,
show ka g f (ka a b (ka c d e)), from kas hig hg

° kalga

kagf (kaachb):=

have hy : ka g f (ka g c (kabde)), from kay hy,
have hy : ka g (ka g f ¢) (ka bd e), from kay hy,
have hy : ka g (ka g £ ¢) b, from kag hs,

have h; : ka g f (ka g ¢ b), from kay’ hy,

have hg : ka g £ a, from kag hy,

show ka g f (ka a ¢ b), from kas hg hs

theorem kag_ka {abcdef g:Prop}(hy:kagf (kaac(kabde))):

o ka'®

kagf(kaac(kaade)) =

have hy : ka g £ a, from kag hy,

have h3 : g, from kag hy,

have hy : ka g (ka g f a) ¢, from ka; hj hy,

have h; : ka g f (ka g a c), from kay’ hy,

have hg : ka g f (ka g ¢ a), from kag_ka hs,
have hy : ka g (ka g f ¢) a, from kay hg,

have hg : ka g f (kagc (kabde)), from kas hy,
have hg : ka g (ka g f ¢) (kab d e), from kay hg,

have hyg : ka g (kag f c) (ka g d e), from kay hy,

theorem kay_ka {abcdef g:Prop}(hy:kagf (kaac(kabde))):
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have hy; : ka g (kag f c) (ka ad e), from kas hy hyg,
have hyo : kag f (kagc (kaade)), fromkay hyq,
showka g f (kaac (kaade)), fromkas hy hio

]

Next, we present the monotonicity property my, and the deduction theorem Jy,, and

prove that they hold in A,,, culminating in the completeness of this calculus.

Lemma 4.3.3. The following property holds for g4, :

forallTU{A,B,C,D} C L,.if ', A, BthenI'|ka(C,D,A) 4, ka(C,D,B) (M)

Proof. Let I' U{A,B,C,D} C L,,. Suppose that I'; A 5 _ B and that this is witnessed
by the derivation Pq,...,P,, where P,, = B, for some n € w. We will prove by induction
on this derivation that I',ka(C,D,A) k4, ka(C,D,P;), for all 1 < j < n. In the base
case, where j = 1, Py is either equal to A or is in I'; since no axioms are available in
the system. In the first case, using that P; = A, together with (R) and (M), we get
I' ka(C,D,A) 4, ka(C,D, Py). In the second case, if P; € T', then, by taking the context
IM:=TU{ka(C,D,A)}, the following proves ka(C, D, P;):

(1) Py P, el

(2) ka(C,D,A) ka(C,D,A)eTI”
(3) C 2 kag

(4) ka(C,Py,D) 3,1kay

(5) ka(C,D,Py) 4 kas

For the inductive step, suppose that I',ka(C,D, A) k4, ka(C, D, Py), for all & < j, with
j > 1. Then, P; is either A, is in I' or results from the application of the instance
(Piys ..., Pk, ,P;) of one of the m-ary primitive rules, say kas for 1 <s <7, to the pre-
misses Pg,,..., Py, , where k; < j, for all 1 <[ < m. The first two cases goes like in the
base case. For the third case, it is true that ka(C,D, Py, ), ..., ka(C, D, Py, ) are provable
from I', ka(C, D, A) by the inductive hypothesis. Then, by applying the corresponding rule
kata, proved to be derivable in Lemma 4.3.2, using those formulas as premisses, we derive

ka(C,D,P;), as desired. The proof of the present lemma is precisely the case j =n. O
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Lemma 4.3.4. The following property holds for g, :

forallTU{A,B,C,D} C L,,.if I'; Aty CandI',BFg, CthenT ka(D,A,B) g, C
(5ka)

Proof. Let ' U{A,B,C,D} C L,, and suppose that [ A -5 C and I',B 5, C. Then,

the following reasoning proves the present lemma:

(1) T,Abg, C Assumption
(2) T BlFg, C Assumption
(3) TI',ka(D,C,A)tg, ka(D,C,C) 1 Mq

(4) ka(D,C,C) kg, C kay

(5) TI'ka(D,C,A),ka(D,C,C) tg, C 4 (M)

(6) T,ka(D,C,A)Fg. C 3,5 (T)

(7) TI',ka(D,A,B)t4, ka(D,A,C) 2 Mya

(8) ka(D,A,C)tg, ka(D,C,A) kas

(9) TI',ka(D,A,B),ka(D,A,C)tg, ka(D,C,A) 8 (M)

(10) T,ka(D,A,B) Fz, ka(D,C,A) 7,9 (T)
(11) I' ka(D,A,B),ka(D,C,A) kg, C 6 (M)

(12) TI',ka(D,A,B) kg, C 10,11 (T)

Theorem 4.3.5. The calculus B\, is complete with respect to the matrix 2,.

Proof. Following the procedure presented in Section 2.7, let I' U {Z} C L, and take the
Z-maximal theory I't D T via the Lindenbaum-Asser Lemma. From the interpretation of

ka in 2y, and property (#), the completeness property (ka) is given by:

ka(A,B,C)eTTiff AecT and BeltorCel™) (ka)

From the right to the left, suppose that A € I't and B € I'*, thus I'" F4_ A and
't 4, B. The instance of ka; given by (A, B, ka(A, B, C)) alongside with (M) guarantee
that I'", A, B k4, ka(A,B,C). Using the latter with the previous consecutions, by an
appeal to (T), produces I't -4, ka(A, B, C), thus ka(A, B, C) € I'*. The proof in the case
A €Tt and C € I't is analogous.

From the left to the right, suppose that (a): ka(A,B,C) € I'*. Then, I't kg,
ka(A, B, C). By rule kag and (M), I'* ka(A, B, C) k4, A, which, together with the pre-



52

vious consecution, yields I'" 4, A by (T). Now, we have to show that B € I'* or
C e I'". Let us work by contradiction: assume that B, C € I'*', then, by Corollary 2.6.1.1,
I'" ) Blg, Zand I'",C kg, Z. Hence, by dx, (see Lemma 4.3.4), I'" ka(A,B,C) b4, Z,
yielding, together with (a), I't k4, Z by (T), an absurd. O

Remark 4.3.1. Notice that if a new rule r is added to Z,,, then deriving its ka-lifted
version, namely r®, causes the completeness property (ka) to be preserved in the expanded

calculus.

The calculus for the expansion By, | comes from the calculus for By, by adding a new

rule of interaction, as presented below:

Hilbert Calculus 10. %,, |

ka(A,B, 1) kab
B, ka(A,B,C) o™

Theorem 4.3.6. The calculus Py, | is sound with respect to the matriz 2y, | .

Proof. Remember that we already proved the soundness of %, (see Theorem 4.3.1), so it
remains to show that the new rule is sound. For that, let v be an arbitrary 2y, | -valuation
and suppose that v(ka(A, B, L)) = 1, thus, from the truth-table of ka, v(A) = 1 and either
v(B) =1 or v(L) = 1. Since this second case is impossible, we necessarily have v(B) = 1,

and the targeted conclusion follows. O

The following lemma deals with the derivability of the rules necessary for preserving

the completeness properties of both connectives of By, | .

Lemma 4.3.7. The following rules are derivable in PBy, | :
ka(D,E,ka(A,B, 1))
ka(D, E, ka(A, B, C))

E
A

kab'®

by

Proof. The formally verified derivation of each rule is presented below:

o kabk®
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theorem kab;_ka {abcde:Prop}(h;:kade(kaabbot)):kade (kaabc):=
have hy : ka d e (ka d b bot), from ka.kay hy,
have h3 : ka d (ka d e b) bot, from ka.kay ha,
have hy : ka d (ka d e b) ¢, from kab; hg,
have hs : ka d e a, from ka.kag hy,
have hg : kad e (kad b c), from ka.kay’ hy,
show ka d e (ka a b ¢), from ka.ka; h; hg

.bl

theorem b; {a: Prop} (h; : bot) : a :=
have hy : ka bot bot bot, from ka.ka; h; hy,
have hg : ka bot bot a, from kab; hs,
have hy : ka bot a bot, from ka.kas hs,
have hy : ka bot a a, from kab; hy,

show a, from ka.kas hjy

Theorem 4.3.8. The calculus Py, is complete with respect to the matriz 2y, | .

Proof. According to what was pointed out in Remark 4.1.1 and Remark 4.3.1, the deriv-
ability of by and kab®® imply the completeness properties (L) and (ka), respectively. [

4.4 B, Bi, 1L

The classical connective ki may be defined from those in B by means of the translation
t(ki) = Ap,q,1.p A (q — r). The proposed calculus for the fragment By;, with nine rules

and no axioms, is presented below, followed immediately by the soundness proof.

Hilbert Calculus 11. 4,

B ki(A,B,C) |
C "

A
ki(A, B, ki(A, C, B))

kio
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ki(B, F, A)
ki(B, F, ki(A, ki(A, C, ki(A, D, E)), ki(A, ki(A, C, DY, ki(A, C, E))))
ki(B, E, A)
ki(B, E, ki(A, ki(A, ki(A, C, D), C), C)
ki(A, B, ki(A,C,D)
ki(A, ki(B,B, C),
ki(A, ki(B,B, C),
ki(A, B, ki(A,C,D)
ki(A,E,B) ki(A,E,ki(A, C,D)
ki(A, E, ki(B,C,D))
ki(A, E, ki(B,C,D))
ki(A, E, B)
ki(A, E, ki(B,C,D))
ki(A, E, ki(A,C,D))

kis

k|5

)X
)
D)
; kl6
)

k|7

kig

Kig

Theorem 4.4.1. The calculus AB,; is sound with respect to the matriz 2.

Proof. Let v be a 2;-valuation, and, to simplify notation, denote also by v the 2-valuation
v such that v = tov’. For ki, suppose that v(B) = 1 and v(ki(A,B,C)) = 1. Then v(A) =
1 for sure, and v(C) = 1 necessarily, otherwise v(B — C) = 0, causing v(ki(A, B, C)) =

a contradiction. For kip, suppose that v(ki(A,B,ki(A,C,B))) = 0. Then we have two
cases, either v(A) = 0 or v(B — ki(A,C,B)) = 0. The latter implies that v(B) = 1 and
v(ki(A,C,B)) = 0. Since v(C — B) = 1 because v(B) = 1, we have v(A) = 0. For kis, we
have two cases to consider, under the assignments that make v(ki(B,F,A)) = 1: either
v(F) = 0or v(F) = 1. In the first case, we have the conclusion being falsified by v, because
F is the antecedent of the outermost implication that constitutes the conclusion. The
remaining case is v(B) = 1,v(F) = 1 and v(A) = 1. Notice that if v(C) = 0, the conclusion
also takes the value 1. Now, if v(C) = 1, taking v(D) = 0 also makes the conclusion to
receive the value 1. If v(D) = 1 and taking v(E) = 0, we have v(ki(A, C, ki(A,D,E))) =0,
validating the conclusion, and if v(E) = 1 then trivially the conclusion is validated. For
kig, if the conclusion is evaluated to 0, then either v(B) = 0, falsifying the premiss,
or v(E) = 1 and wv(ki(A, ki(A,ki(A,C,D),C),C)) = 0. In this case, either v(A) = 0 or
v(ki(A,C,D) — C) = 1 and v(C) = 0. This last case makes v(ki(A,C,D)) = 0 and
v(C — D) =1, so v(A) = 0, falsifying the premiss. For kis, if the conclusion is evaluated
to 0, then either v(A) = 0, falsifying the premiss, or v(ki(B, B, C) — D) = 0. In this case,
v(ki(B,B,C)) = 1 and v(D) = 0. Then, we have v(B) = 1 and v(C) = 1, making the



55

premiss false, because v(C — D) = 0. For ki, if the conclusion is evaluated to 0, then
either v(A) =0 or v(B — ki(A, C,D)) = 0. In this case, v(B) = 1 and v(ki(A,C,D)) = 0.
But now, assuming v(A) = 1, we have v(C — D) = 0, so v(C) = 1 and v(D) = 0, causing
v(ki(B,B,C) — D) = 0, falsifying the premiss. For kiz, suppose that the conclusion is
evaluated to 0. Then either v(A) = 0 or v(E — ki(B,C,D)) = 0. In the latter, taking
v(A) =1, we have v(E) = 1 and v(ki(B,C,D)) = 0, but then v(B) =1 and v(C — D) =0
and the premiss ki(A, E, ki(A, C, D)) is evaluated to 0. For kig, suppose that the conclusion
is evaluated to 0. Then either v(A) = 0 or v(E — B) = 0. In this case, v(E) = 1 and
v(B) = 0, causing v(ki(B, C, D)) = 0, falsifying the entire premiss. For kig, if the conclusion
is evaluated to 0, then either v(A) = 0 or v(E — ki(A,C,D)) = 0. In this case, v(E) =1
and v(ki(A, C,D)) = 0, thus, since v(A) = 1, v(C — D) = 0, meaning that the premiss is

falsified no matter the assignment v(B). O

In what follows, if r is an n-ary rule, with n € w, consider r¥, the ki-lifted version of
r, the rule given by the set of instances (ki(C,D, Ay),...,ki(C,D,A,),ki(C,D,B)), where
(Ay,...,A,,B) is an instance of r and C,D € L,;. The main purpose of the next lemma
is to show that 4,; has the ki-lifted versions of its primitive rules as derivable rules, an

important fact for proving completeness with respect to 2.

Lemma 4.4.2. The following rules are derivable in B,;:

A C
ki(A,B,C) " '°
A i
ki(A, ki(A, B, ki(A, C,D)), ki(A, ki(A, B, C), ki(A, B,D))) 3
A i
ki(A, ki(A, ki(A,C,B),C),C) *
i(A,B,C)
A o
A kin
ki(A, B, B)
ki(A, B, ki(A, C, D))
ki(A, C, ki(A, B,D)) " 12
ki(A. B, ki(A, B,C))
ki(A, B, C) '3
ki(A, B, D) ,
. . kl14
ki(B, B, ki(A,C,D))
ki(A, B,D) _
kiis

ki(C, C, ki(A, B, D))
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Ki(A,B,C) ki(A,C.D)
ki(A,B,D) to
ki(D,E,B) ki(D,E,ki(A, B, C))
ki(D,E, C)
ki(D,E, A)
ki(D, E, ki(A, B, ki(A, C, B)))
ki(D,E,A) ki(D,E,C) .
ki(D,E, ki(A,B,C)) 10
ki(E, T, ki(A, B, ki(A, C,D)))
ki(E, T, ki(A, C, ki(A, B,D)))
ki(G, H, ki(B, F, A))
ki(G, I, ki(B, F, ki(A, ki(A, C, ki(A, D, E)), ki(A, ki(A, C, D), ki(A, C, E)))))
ki(F, G, ki(B, E, A))
ki(F, G, ki(B, E, ki(A, ki(A, ki(A, C, D), C), 0)))
ki(E, F, ki(A, B, ki(A, C,D)))
ki(E, F, ki(A, ki(B, B, C), D))
i(
(
(

kil

ik

ki
Kiys

kit

ik

kit
ki(E, F, ki(A, ki(B, B, €), D))
ki(E, F, ki(A, B, ki(A,C,D))) "
i(F, G, ki(A, E,B)) Ki(E, G, ki(A,E ki(A,C, D))
(F, G, ki(A, E, ki(B, C, D))) v
i(F, G, ki(A, E, ki(B, C, D)) |
ki(F, G, ki(A, E, B)) °

ki(F, G, ki(A, E, ki(B,C,D))) .
ki(F, G, ki(A, E, ki(A, C,D))) <

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

L] kilo

theorem kijg {a b c: Prop} (h; :a) (ha:c):kiabec:
have hy : ki a ¢ (ki a b ¢), from kis hy,

show ki a b ¢, from ki; hy hj

o ki}

theorem ki’s {a b ¢ d : Prop} (h; : a) :
kia(kiab(kiacd)) (kia(kiabc)(kiabd)):=
have hy : ki a a a, from kijg h; hy,

havehg:kiaa(kia(kiab(kiacd)) (kia(kiabc)(kiabd))),fromkis ho,



show ki a (ki ab (ki acd)) (ki a (ki abc)(kiabd)), fromki; hj hg

o7

o ki

theoremki’y {abc:Prop} (h;:a):kia(kia(kiach)c)c:=
have hy : ki a a a, from kijg h; hy,
have hy : ki aa (ki a (ki a (ki acb)c)c), from kiy hy,
show ki a (ki a (ki acb) ¢) ¢, fromki; hy hs

(] klo

theorem kip {a b c : Prop} (hy :kiabc):a:=
letr:=kiabcin
have hg : r, from hy,
have hy : ki r r (ki a b ¢), from kijg hy ho,
have hy : ki r r a, from kig h3,

show a, from ki; hy hy

[ ] ki11

have hy
have hj
have hy

have hj

theorem kij; {ab:Prop} (h; :a):kiabb:=
:kia(kiab(kiaab))(kia(kiaba)(kiabhb)), fromki’s hy,
:kiab (ki aab), fromkis hy,

:kia(kiaba)(kiabb), fromkij h3 ho,

:kiaba, fromkijg h; hy,

show ki a b b, from ki; hs hy

[ ] ki12

have hg
have hy

have hj

have hy :

have hg

theoremkijo {abcd:Prop} (hy:kiab(kiacd)):kiac(kiabd):=

a, from kig hy,

‘kia(kiab(kiacd)) (kia(kiabc) (ki abd)), fromki’s ho,
:kia(kiabc) (ki abd), fromki; h; hg,
:kiac(kia(kiabc) (kiabd)), fromkijg hy hy,
letr:=kiabd,g:=kiabcin

have hg : ki a ¢ q, from kis ho,
have hg : ki a ¢ r, from ki hg hy,

show ki a ¢ (ki a b d), from hy

ckia(kiac(kiaqr)) (kia(kiacaq) (kiacr)), fromki’s ho,
have hy : ki a (ki a ¢ q) (ki a ¢ r), from ki; hs hg,
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[ ] ki13

theoremkijs {abc:Prop} (h; :kiab(kiabc)):kiabc:=
have hy : a, from kig hy,
have hy :kia (kiab (kiabc)) (kia(kiabb) (ki abc)), fromki’s hs,
have hy : ki a (ki abb) (ki a b ¢), from kij hy hs,
have hs : ki a b b, from kij; hy,

show ki a b ¢, from ki; hy hy

L] ki14

theoremkijy {abcd:Prop} (hy:kiabd):kia(kibbc)d:=
have hy : a, from kig hy,
have hy : ki a ¢ (ki a b d), from kijg hy hy,
have hy : ki a b (ki a ¢ d), from kijs hj,
show ki a (ki b b ¢) d, from kis hy

[ ] ki15

theorem kijs {abcd:Prop}(h;:kiabd):kia(kiccb)d:=
have hy : a, from kig hy,
have h3 : ki a ¢ (ki a b d), from kijg hy hy,
show ki a (ki ¢ ¢ b) 4, from kij hg

[ ] ki16

theoremkijg {abcd:Prop}(h;:kiabc)(hg:kiacd):kiabd:=
have hy : a, from kig hy,
have hy :kia(kiab (kiacd)) (kia(kiabc) (ki abd)), fromki’s hs,
have hs : ki a b (ki a ¢ d), from kiqg hs ho,
have hg : ki a (ki abc) (ki abd), from kij hs hy,
show ki a b d, from ki; hy hg

o kit

theoremkij_ki {abcde:Prop}(h;:kideb)(hp:kide(kiabc)):kidec:=
have hy : ki d e (ki d b ¢), from kig ha,
have hy : ki d b (ki d e ¢), from kijo hs,




have hjy :

kide (ki dec), fromkijg h; hy,

show ki d e ¢, from ki;3 hy
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° kilgi

have hy :
have hjg :
have hy
have hj
have hg

have hry

theorem kis_ki {abcde:Prop}(hy:kidea):kide (ki ab(kiach)):=

d, from kig hy,
ki db (ki dcb), from kiy ho,

:kid (kieeb) (kidcb), fromkijs hs,
:kid (ki eeb)a, fromkiyy hy,

:kid (ki eeb) (kiacb), from ki hy hy,
kide (kidb (kiacb)), from kig hg,
show ki d e (ki ab (ki a ¢ b)), fromki7 hy hy

o kit

have hg :

theorem kijg_ki {abcde:Prop} (h;:kidea)(hy:kidec):kide(kiabc):=

kide (ki ac (kiabc)), fromkis_ki hy,

show ki d e (ki a b ¢), from ki;_ki hy hg

-ki
o kijy

have hy :
have hjg :
have hy :

have hy :

have hg : ki e f

theorem kijo_ki {abcdef :Prop}(h;:kief (kiab (kiacd))):
kief(kiac(kiabd)):=

kief a, from kig hy,

kief (kia(kiab(kiacd)) (kia(kiabc) (ki abd))), fromkig ho,
kief (kia(kiabc) (ki abd)), from kiy_ki hy hg,
kief(kiac(kia(kiabc) (kiabd))), fromkijg_ki hy hy,

letr:—kiabd,q:—=kiabcin

kia(kiac(kiaqr)) (kia(kiacgq)(kiacr))), fromkis ho,
i

(
have hy :kief (kia (kiacq) (ki acr)), from kij_ki hy hg,
have hg : ki e f (ki a ¢ q), from kis_ki hg,
have hg : ki e f (ki a ¢ r), from ki;_ki hg hy,
show ki e f (ki a c (ki abd)), fromhg

o ki§

theorem kiz_ki {abcdef gh: Prop}
(hy :kigh(kib f a)):
kigh(kibf(kia(kiac(kiade)) (kia(kiacd)(kiace)))):=
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have hy : ki gh (ki g f a), from kig hy,

have hy : ki g (ki hh f) a, from kis hy,

have hy : ki g (kihhf) (kia(kiac(kiade)) (kia(kiacd)(kiace))), fromkis hs,
have hs :kigh(kigf (kia(kiac(kiade)) (kia(kiacd) (kiace)))), fromkig hy,
have hg : ki g h b, from kig hy,

showkigh (kibf(kia(kiac (kiade)) (kia(kiacd)(kiace)))),fromkis hg hs

° kilfli

theoremkiy ki {abcde fg: Prop}
(hy :kifg(kibea)):
kifg(kibe (kia(kia(kiacd)c)c)) =
have hy : ki f g (ki f e a), from kig hy,
have hs : ki f (ki g g e) a, from kip hs,
have hy : ki f (ki gge) (ki a (ki a (ki acd)c)c), from kiyg hs,
have hs : ki f g (ki f e (ki a (ki a (ki ac d) c) c)), from kig hy,
have hg : ki £ g b, from kig hy,
showki f g (ki be (ki a (ki a (kiacd)c)c)), fromkiy hg hs

° kilgi

theorem kis_ki {abcdef:Prop} (h;:kief (kiab(kiacd))):
kief (kia(kibbc)d):=
havehy :kief (kieb(kiacd
have hy :kieb(kief (kiacd
havehy :kie(kibbf) (kiac
have hs :kie (kibbf) (kiec
havehg:kieb (kief (kiecd
have hy :kieb(kiec (kiefd
have hg : ki e (kibbc) (ki e
have hg : ki e f (kie (ki bbc)

~—

, from kig hy,

~

5 from ki12 h2,

5 from kig h37

Q. Qo

, from kig hy,

, from kig hs,

~

5 from kilg_ki h67

[}
Q. Qo

~—
N O — — — o — —

, from kig hr,
5 from kilg hs,
have hjg : ki e f a, from kig hy,

show ki e f (ki a (ki bb c) d), from ki7 hig hg

° kilgi

theorem kig_ki {abcdef:Prop} (hy:kief(kia(kibbc)d)):
kief (kiab(kiacd)):=
have hy : ki e f (ki e (ki bbc) d), from kig hy,
have hy : ki e (ki bbc) (ki e £ d), from ki ho,
have hy : ki e b (ki e ¢ (ki e f d)), from kig hs,




have hs : ki e b (ki e f (ki e ¢ d)), from kijo_ki hy,
have hg : ki e f (ki e b (ki e c d)), from ki;o hs,
have hy : ki e (ki f £ b) (ki e c d), from kis hg,
have hg : ki e f a, from kig hy,

have hg : ki e (ki £ f b) a, from kiy4 hg,

have hyg : ki e (ki £ £ b) (ki a ¢ d), from ki hg hy,
have hy; : ki e £ (ki e b (ki a ¢ d)), from kig hyo,
show ki e f (ki ab (ki a cd)), from ki7 hg hy;
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o ki¥

theorem kiz_ki {abcde f g:Prop}
(h; : ki f g (ki aeD))
(hg:kifg(kiae (kiacd))):
kifg(kiae (kibcd)):=
have hy : ki f g (ki f e b), from kig hy,
have hy : ki f (ki g g e) b, from kis hg,
have hs : ki f g a, from kig hy,
have hg : ki f g (ki f e (ki a ¢ d)
havehy : ki f (kigge) (kiacd
have hg : ki f (kigge) (ki fcd
J(kibcd
have hyjg : ki f g (ki f e (ki b ¢ d)), from kig hy,
show ki f g (ki a e (ki b ¢ d)), from ki7 h5 hyg

, from kig ho,
, from ki hg,

, from kig hy,

~— — — —

have hg : ki f (ki gge , from ki7 hy hg,

° ki|§i

theorem kig_ki {abcdef g:Prop}(hy:kifg((kiae (kibcd))):
kifg(kiaeb):=
have hy 1 ki f g (ki f e (ki b ¢ d)), from kig hy,
have hy : ki f (ki g ge) (ki b cd), from kis hs,
have hy : ki f (ki g g e) b, from kig hg,
have h; : ki f g (ki £ e b), from kig hy,
have hg : ki £ g a, from kig hy,
show ki f g (ki a e b), from kiy hg hy

° kigi

theorem kig_ki {abcdef g:Prop}(hy:kifg((kiae (kibcd))):
kifg(kiae (kiacd)):=
have hg : ki f g a, from kig hy,
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have hy : ki f g (ki f e (ki b ¢ d)), from kig hy,
have hy : ki f (ki g ge) (ki b cd), fromkis hs,
have hs : ki f (ki g ge) (ki f c d), from kig hy,
have hg : ki £ (ki g g e) a, from kijy ho,

have hy : ki f (ki g g e) (ki a c d), from ki7 hg hj,
have hg : ki f g (ki f e (ki a ¢ d)), from kig hy,
show ki f g (ki a e (ki a c d)), from ki7 hy hg

]

Having the ki-lifted versions of each primitive rule of %,;, we are ready to prove a

deduction theorem for this calculus.

Lemma 4.4.3. The following property holds for \-,.:

forall TU{A,B,C} C L. if I',A, By, Cthen T, A kg ki(A,B,C) (54)

Proof. Let T’ U{A,B,C} C L,,. The proof goes by induction on the derivation of C from
I'U{A,B}. In this way, suppose that I', A, B -, C, and that this is witnessed by a formal
proof consisting of the sequence of formulas Dq,...,D,,, where n > 1, with D,, = C. We
will prove that I', A 4, ki(A,B,Dj) for all 1 < j < n. For the base case, when n = 1,
there are three cases. First, when Dy € I', we have I', A 4, ki(A, B,D;) by kio from the
facts that I, A 5, A (by (R) and (M)) and I'; A -4, Dy (since D; € I' by hypothesis).
Second, when Dy is A, the previous reasoning works similarly. Third, when D; is B, by
ki;; applied to A, we get ki(A, B, B), which translates to ki(A,B,D;), since B is D; by
hypothesis. Now, in the induction step, suppose that I', A 4, ki(A, B, Dy) for all & < j
and some j > 1. If D; € I' U {A,B}, then the proof is analogous to the one for the
base case. Otherwise, D; results from the application of some instance (Dy,, ..., Dy,.,D;),
where k; < j for 1 <[ < j, of one m-ary primitive rule of Z,;, say ki,. From the induction
hypothesis and the corresponding ki-lifted version, namely ki|ki7 proved to be derivable in
Lemma 4.4.2, we have that ki(A,B,D;) is provable from I' U {A}. The desired result is
the case 7 = n. O]

Lemma 4.4.4. Every set I'" that is Z-mazimal with respect to g, is mazimal (consis-

tent).

Proof. Suppose that I't C L. is Z-maximal and assume that A € I'". Our goal is to prove
that I'", A kg, B for any B € L,;. First of all, take C € I'* (Lemma 2.6.2 allows us to
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do this). A fundamental step for proving this lemma is showing that I't -4, ki(C, Z, B).
In this direction, suppose, for the sake of contradiction, that I'" /4, ki(C,Z,B). The

following reasoning proves the desired result by deriving an absurd:

(1) I't,ki(C,Z,B) g, Z Lemma 2.6.1.1
(2) T+ C,ki(C,Z,B) Fy, Z 1 (M)

(3) T+, C kg, ki(C,ki(C,Z,B), Z) 26

(4) Chg, C (R)

(5) T+, Cly, C 4 (M)

(6) T+, C kg, ki(C,ki(C,ki(C,Z,B),Z).Z) 5 ki,

(7) T+.Chry, Z 3,6 ki

(8) Tt Fy, Z 7.CeT+

Because I't k4, ki(C,Z,B), we get (a): ', A k4, ki(C,Z,B) by (M). Since A ¢ I't,
we also have (b): I'", A -4, Z. Then these consecutions, by ki, yield I't, A 4, B, proving

that I't is maximal. N

Theorem 4.4.5. The calculus AB,; is complete with respect to the matriz 2y;.

Proof. Let ' U {Z} C L,; such that I' I/, Z and take a Z-maximal theory I't D T by
the Lindenbaum-Asser Lemma. From the truth-table of ki and the formulation given in

Section 2.7, the completeness property (ki) is given by:

ki(A,B,C)eTTiff AeT"and BgTl M orCel") (ki)

In the left-to-right direction, suppose that (a): ki(A, B, C) € I'". By ki, I't 4, A, so
A € T'". By cases, the desired result is directly obtained when B ¢ I'", and, if B € ',
then (b): I'* k4, B, and, by ki; from (a) and (b), I'" 4, C, hence C € I'" as desired.
From the right to the left, suppose that A € I'*| thus (c): I't k4, A. Let us work again
by cases. Suppose that B & I't. Then, Lemma 4.4.4 implies that I'", B k4, C, and, by
(M), T, A, Bty C. By o, I't, A by, ki(A, B, C), and, because of (c), we conclude that
't g, ki(A, B, C). Now, if C € I'", then (d): I't -4, C. By kiyo from (c) and (d), we get
T+ k. ki(A,B,C), so ki(A, B, C) € T'*. O

Remark 4.4.1. Similarly to what occurs for the calculus %,,, if a new rule r is added to
Pi, then deriving its ki-lifted version, namely r¥, causes the completeness property (ki)

to be preserved in the expanded calculus.
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The proposed calculus for the expansion By | results from adding an interaction rule

to A, as presented below:

Hilbert Calculus 12. %, |

G(AB, L)

% ki(A,B,C)

~~

Theorem 4.4.6. The calculus HBy; | is sound with respect to the matriz 2y | .

Proof. Since the rules of %,; are sound with respect to 2; (see Theorem 4.4.1), it remains
to prove soundness for rule kib; with respect to 2 . Consider v an arbitrary 2y -
valuation such that v(ki(A, B, 1)) = 1, then v(A) = 1 and v(B) = 0, forcing the conclusion
to be evaluated to 1. O

The completeness proof in this case is analogous to that of %, : we need to derive

the ki-lifted version of the new rule, as well as rule b;.

Lemma 4.4.7. The following rules are derivable in Ay, | :
ki(D,E, ki(A,B, 1))
ki(D,E, ki(A, B, C))

kb

Proof. The formally verified derivation of each rule is presented below:

o kib¥

theorem kiby_ki {abcde:Prop}(hj:kide(kibabot)):kide(kibac):=
have hy : ki d e (ki d a bot), from ki.kig hy,
have h3 : ki d (ki e e a) bot, from ki.kis hg,
have hy : ki d (ki e e a) ¢, from kib; hs,
have hy : ki d e (ki d a ¢), from ki.kig hy,
have hg : ki d e b, from ki.kig hy,
show ki d e (ki b a c), from ki.ki7 hg hj
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theorem b; {a: Prop} (h; : bot) : a :=
have hy : ki bot bot bot, from ki.kijg hy hy,
have hg : ki bot bot a, from kib; ho,

show a, from ki.ki; hy hg

Theorem 4.4.8. The calculus PBy; | is complete with respect to the matriz 2y | .

Proof. The derived rules b; and kibl{i7 in view of Remark 4.1.1 and Remark 4.3.1, imply
the completeness properties (L) and (ki), respectively. O

4.4.2 On the expansions of By and By |

In |11, Section 3|, we find results that allow to generate calculi for expansions of some
fragments based on known axiomatizations. Although their ultimost consequence is the
axiomatizability of the infinite portion of Post’s lattice, we can use them to axiomatize
some fragments of the finite portion. In this section, we present, without proving, a the-
orem that allows us to axiomatize logics that expand By, located in the highest part of
Post’s lattice, covered in Section 4.15. The proof given by Rautenberg provides a clear

procedure to construct the calculi for such expansions.

Theorem 4.4.9. An aziomatization of any expansion of By and By 1 is obtained, respec-

tively, from By and By | by adding several at most unary rules.

Proof. See Theorem 1.1 in [11, p. 336]. O

4.5 B\/, B\/,T? BV,J_? BV7J—7T

In this section, we propose axiomatizations for B, and its expansions by the constants
T and L. Moreover, some properties about the connective V and its rules, to be used
in future sections, will be proved. Also, we will give a result that provide a recipe for

constructing axiomatizations for any monotonic expansion of 2.

Hilbert Calculus 13. 4,
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AVB AV (BVC)

A dy 7,
BVA 32 (AvB)vC

AVB

AVA
A

d

d>

Theorem 4.5.1. The calculus A, is sound with respect to the matriz 2.

Proof. Consider the truth-table presenting all possible truth-values of the formulas in-

volved in the rules of %, under 2,-valuations:

A B C AvB AvVA BVA Av(BvVvC) (AvB)vC
11 1 1 1 1 1 1
1 1 0 1 1 1 1 1
1 0 1 1 1 1 1 1
1 0 0 1 1 1 1 1
0 1 1 1 0 1 1 1
0 1 0 1 0 1 1 1
0 0 1 0 0 0 1 1
0 0 O 0 0 0 0 0

Notice from the table above that it is never the case that the premisses of the rules

evaluates to 1 and the conclusion evaluates to 0. O

In what follows, if d is an n-ary rule, with n € w, let dV, the V-lifted version of d, be
the rule given by the set of instances (CV Ay,...,CV A,,CV B), where (Ay,...,A,,B)
is an instance of d and C € L,,. The next lemma establishes in particular that the V-
lifted versions of the primitive rules of %, are derivable in this system, a fundamental
result for proving the subsequent monotonicity property m, and thus, as we will see, the

completeness of this calculus with respect to 2.

Lemma 4.5.2. The following rules are derivable in A, :
B

AvB &
(AvB)vC |
Av(BvC) ™
CVA dv
CV(AvB) !
BV(AVA)

BV A d;



(B VA)
V(AV(BVCQ))
V((AVB)VvC)

dj

Proof. The formally verified derivation of each rule is presented below

was explained in Chapter 3.

o d}
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, following what

theoremd;’ {a b: Prop} (h; : b):or ab:=
have hy : or b a, from or.d; hy,

show or a b, from or.ds hy

. d,

theorem dy’ {a b c : Prop} (h; : or (orab)c):ora(orbc):=
have hy : or ¢ (or a b), from or.d3 hy,
have hg : or (or o] a) b, from or.d4 ho,
have hy : or b (or c a), from or.ds hg,
have hs : or (or b c) a, from or.dy hy,

show or a (or b c), from or.ds hj

o df

theorem dj_or {a b c: Prop} (h; : or c a) : or ¢ (or a b) :=
have hy : or (or c a) b, from or.d; hy,

show or ¢ (or a b), from or.d4’ ho

odg

theorem dy_or {a b : Prop} (h; : or b (or aa)) :or b a:=
have hy : or (or b a) a, from or.ds hy,
have h3 : or a (or b a), from or.ds ho,
have hy : or b (or a (or b a)), from or.d;’ hs,
have hj : or (or b a) (or b a), from or.dy hy,

show or b a, from or.ds hy

o dY
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theorem ds_or {a b ¢ : Prop} (h; : or ¢ (or a b)) : or c (or b a) :=
have hy : or (or c a) b, from or.dy hy,
have hj : or (or (or c a) b) a, from or.d; ha,
have hy : or (or c a) (or b a), from or.d4’ hs,
have hs : or ¢ (or a (or b a)), from or.ds’ hy,
have hg : or (or a (or b a)) ¢, from or.ds hs,
have hy7 : or a (or (or b a) c), from or.ds’ hg,
have hg : or b (or a (or (or b a) c)), from or.d;’ hy,
have hg : or (or b a) (or (or b a) c), from or.dy hg,
have hjg : or (or (or b a) (or b a)) ¢, from or.d4 hy,
have hj; : or ¢ (or (or b a) (or b a)), from or.ds hjo,

show or c (or b a), from or.ds_or hiy

o d

have hy : or (or d a) (or b ¢), from or.d4 hy,
have hj : or d a) (or ¢ b), from or.ds_or hy,
have hy : or (or (or d a) ¢) b, from or.d4 hs,

have hj : or (or (orda) c)b) a, from or.d; hy,

[e]

r
have hy : or (or (or d a) c¢) (or a b), from or.ds_or hg,

or (

(

(
have hg : or (or (or d a) ¢) (or b a), from or.dy’ hj,

(

have hg : or (

(

);
or da) (or c (or ab)), from or.dy’ hy,
have hg : or (or d a) (or (or a b) c), from or.dz_or hg,
let e := or (or ab) c in

have hjg : or (or d a) e, from hy,

have hy; : or d (or a e), from or.d4’ hyg,

have hys : or d (or e a), from or.dz_or hyq,

have hy3 : or (or d e) a, from or.dy hyo,

have hyy : (or d e) a) b, from or.d; hys,
have hig :

or (or d e) (or ab)) c, from or.d; hys,

(

have hy5 : or (or d e) (or ab), from or.dy’ hy4,
r (or

have hy7 : or (

or d e) (or (or ab) c), from or.dy’ hyg,
have hjg : or (or de)e, from h;r,

have hyg : or d (or e e), from or.dy4’ hys,

have hgg : or d e, from or.dz_or hjg,

show or d (or (or a b) c), from hyg

theorem dy_or {a b c d: Prop} (h; : or d (or a (or b ¢))) : or d (or

(or ab)

c):
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Lemma 4.5.3. The following property holds for g4, :

foralTU{A,B,C} C L,.ifI'AlFg, Bthen,CVAFg4, CVB (my)

Proof. Let ' U {A,B,C} C L,,. Suppose that I', A -5, B and that this is established by
a proof consisting of the sequence Py, ..., P, = B of formulas, for some n € w. The fact
that I''CV A F», CV P;, for all 1 < j < n, can be shown by induction on j. In the
base case, 7 = 1, Py is either A itself or is a member of I'. In the first case, since P; = A,
I''CVAtg, CVP; by an appeal to (R) and (M). In the second case, if Py € I, by taking
assumptions in I'U {C V A}, the desired conclusion follows simply by the proof below:

(1) P1 PleI‘
(2) CvPy 1d4

For the inductive step, suppose that I',; CV A 5 CV Py holds for all £ < j. Then,
either (a): P; is A, or (b): it is in I" or (c): it follows by the application of an instance
(Piys ..., Pk, ,P;) of some m-ary primitive rule, say d, to premisses Py, ,..., Py, k < 7,
for all 1 <[ < m. Cases (a) and (b) follow by the same arguments used in the proof
of the base case. For case (c), notice that the formulas CV Py, ,...,CV Py follow from
I'U {CV A} by the inductive hypothesis. Using those formulas, by the corresponding
derived rule d¥ presented in Lemma 4.5.2, one gets C V P,. The case where j = n is the

desired one for the present proof. m

The above result can be extended to a form that will be useful in Section 4.7. Before
going to it, let B VO A := A and B V"™ A :=BV (BV"A), where A,B € L,, and n € w,

and consider the following lemma:

Lemma 4.5.4. For any A,B€ L, andn € w, BV" A4, BVA.

Proof. Proceed by induction on n. The base case (n = 0) follows by rule dj. In the
inductive step, suppose that (IH): B V¥ A4 B V A, for some k > 0. Since BV A =
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BV (B V¥ A), the following reasoning establishes the desired result:

(1) BV(BVFA)F4, BV (BVFA) (R)

(2) BV(BVFA)Fg, BV (BV(BV*1A)) 1 Definition of V"
(3) BV(BVFA)Fg, BVB)V(BVHTA) 24,

(4) BV(BVFA)F4, (BVFTA)V(BVB) 3d;

(5) BV(BVFA)F4 (BVFTA)VB 4.dy

(6) BV (BVFA)Fg, BV (BVFTA) 5ds

(7) BV(BVFA)Fg4, BVFA 6 Definition of V"
(8) BVFAF4, BVA (IH)

(9) BV(BVFA)F4 BVA 7,8 (T)

]

Corollary 4.5.4.1. IfT A F4, B, thenV,CVAlg, CVB, whereTU{A,B,C} C L,
and TV :={CvDeL,|Del}.

Proof. Let I' U {A,B,C} C L, and suppose that I'; A F4, 6 B. Since g, is finitary,
Lo, A g, B, for some finite I'y C I'. Let n € w be the cardinality of I';. Then subsequent
applications of my lead to TY,CV A 4, C V"™ B. By Lemma 4.5.4 and (T), we get
I'y,CV A g, CVB. Finally, because I'y C IT'V, we get the desired conclusion by (M)

applied to the latter consecution. O

We now proceed to the completeness proof of the calculus %,, with respect to 2. For
that we need the deduction theorem for disjunction, presented in the next lemma, from

which the completeness result follows in a straightforward way.
Lemma 4.5.5. The following property holds for g4, :

foralTU{A,B,C} CL,.if JAFg CandI'BFg, Cthen AVBF4, C (0v)

Proof. Suppose that (h;): I';A g, C and (hy): I', B -5, C. By (my) applied to (h;),
we obtain the consecution I';C V A 5, CV C, which, by an application of rule d,
gives (h'1): I',C V A 4, C. Moreover, by m, applied to (hs), we get the consecution
I'AVBtg, AVC, from which, by rule d3, we have (h'y): I'; AVB 5 CVA. From (h)),
by (M), one gets I', AVB, CVA k4, C, which, together with (b)), results in ', AVB -5, C
by (T). O

Theorem 4.5.6. The calculus A, is complete with respect to the matriz 2., .
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Proof. Following the recipe presented in Section 2.7, suppose that I' {/5, Z, where I' U
{Z} C L,,, and consider a Z-maximal I'* D T' via the Lindenbaum-Asser Lemma. An

specialization of property (#) for disjunction gives
AVBeTlTiffAcTTorBel", (V)

for all A,B € L,,, and proving it gives the desired completeness result since V is the sole
connective in the fragment under discussion. For the right-to-left direction, assume that
(a) AeTI'" or (b) B eI'". By cases, if (a) holds, then I't -4 AV B by (T) applied to (a)
and the corresponding instance of di, meaning that AV B € I'", since I'* is deductively
closed. Similarly, the same conclusion is reached when (b) is the case, the only difference
being the usage of an instance of the rule d| instead of d;. For the left-to-right direction,
suppose that AV B € I'*. By Corollary 2.6.1.1, this implies that I'",; A vV B V/4, Z. By
the contrapositive version of d, (see Lemma 4.5.5), ", A /5 Z or I'", B /4, ¢, which,

again by Corollary 2.6.1.1, implies that A € I'" or B € I'*. O

Remark 4.5.1. Notice that a sufficient condition for the preservation of the property m.,,
and thus the deduction theorem ¢, and the completeness property (V), in any expansion
of the calculus 4,, by non-nullary rules is that, for any of the new rules, say r, its lifted

version rY is derivable in the expanded calculus.

A last fact about the calculus %, is necessary for proving an important result in
Section 4.7. In what follows, let d¥V"", n > 1, denote the rule resulting from n successive

V-liftings of rule d.

Lemma 4.5.7. Let @vv{fi}iel be any expansion of B.,. If the rule

CVA
CvB '

is derivable in this calculus, then the rules

DV (CVA)
DV (CVB) '

V52

%r
are also derivable.

Proof. Suppose that the rule r¥, as presented in the statement, is derivable in 4,,. Then
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the following derivation proves the derivability of r:

(1) A Assumption
(2) AvB 1d;
(3) BVA 2ds
4) BVB 3r
(5) B 4d,

(1) Dv(CVA) Assumption
(2) (DVC)VA 1dg
3) (bvC)vB 2rY
(4) Dv(CVvB) 3d),

]

The expansion By | is easily seen to be axiomatized by the calculus below, given

Corollary 2.8.4.1.

Hilbert Calculus 14. %, +

@\/ @T

However, the calculus for the expansion of By, by L does not consist of simply adding
rule b; to %, as in the case of B, ;. In fact, doing so would result in a still incomplete
calculus, because the rule (db;) A vV L /A would be independent (consider the matrix
over {0,1,2} given by M = (M, {1}) such that 2vMy = 1 if  # y and 2VMz = z,
and 1M = 0). Therefore, if we want to expand the calculus for disjunction, we must find
another rule to produce a calculus that preserves the completeness property for disjunction

and allows to prove such property for L. It turns out that rule db; is the one we need:

Hilbert Calculus 15. %, |

Theorem 4.5.8. The calculus %, | is sound with respect to the matriz 2, | .
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Proof. Soundness need to be checked only for dby, since the rules of 4,, only involve the
connective V and the soundness of its “pure” rules was already proved. Notice that, if A
is evaluated to 0, the sole premiss A V L would necessarily be evaluated also to 0, thus

db; is sound with respect to 2y ;. O

Lemma 4.5.9. The following rules are derivable in A, | :

BVv(Av.l)
BVA

by

db

L
A

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

° dbl/

theorem dbj_or {ab: Prop} (h; : or b (or abot)) : or b a:=
have hy : or (or b a) bot, from or.dy hy,

show or b a, from db; hy

.bl

theorem b; {a: Prop} (h; : bot) : a :=
have hy : or bot a, from or.d; hy,
have h3 : or a bot, from or.d3 ho,

show a, from db; hs

Theorem 4.5.10. The calculus %, , is complete with respect to the matriz 2y | .

Proof. Because dby and by are derivable, properties (V) and (L) hold in £, ,, thus

implying the completeness of this calculus. O

As usual, the expansion B, | T is axiomatized by the calculus below, given Corol-

lary 2.8.4.1.

Hilbert Calculus 16. %, | +
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By, B

4.5.2 Monotonic expansions of By,

We focus now on a theorem useful for proving the axiomatizability of monotonic
expansions of B,,. In this work, it was applied to prove the axiomatizability of the fragment
B,k (see Section 4.6). We start by proving a Conjunctive Normal Form for monotonic

functions over {0, 1}, then we proceed to the main result.

Lemma 4.5.11. If f* is an m-ary monotonic operation over {0,1}, then there are n € w

and P; € LY'wP™, for 1 <i <n, such that

2v,A
()
1<i<n

Proof. The proof goes by induction on the arity m. If m = 0, then f? is either 1
or 0, then take n = 1 and P; = T in the first case, and P; = L in the other.
Now, suppose that the statement holds for every m < k, with & > 0, and de-
fine the operations fo* and f;* such that fo*(z1,...,76-1) = f2(x1,...,74_1,0) and
flg(xl,...,q:k,l) = f*(x1,...,2p_1,1), which inherit from f* the property of being
monotonic (see Example 2.1.2). Let & abbreviate the sequence z1,...,x;_; and read V
and A as V2 and A?, respectively, to simplify notation. Then we can show that (a):
2@, x1) = (2 A f12(2)) V fo? (F), by analysing the possible values for . In case of value
0, we have (0 A f1%(2)) V fo* (%) = fo* (%) = f2(Z,0) = f2(Z,21). In case of z, = 1, we
have (1 A f12(2)) V fo*(Z) = fi*(Z) V fo* (¥). Since (F,0) < (#, 1) and f? is monotonic,
we have fy* (%) < f1*(Z), implying two cases: either fo*(Z) = f1*(%) or fo*(¥) = 0 and
f12(#) = 1. In both cases, f1*(Z) V fo* (Z) = fL*(Z) = f2(Z,1) = f2(&, 21). From (a), by
using distributivity of V over A, and the induction hypothesis applied to fy* and f1*, we
reach the desired result. O

Theorem 4.5.12. Any monotonic expansion of B\ is axiomatizable.

Proof. Let f be an m-ary symbol, whose 2-valued interpretation is given by f?, a mono-
tonic function over {0,1}. Notice that the cases f* = T2 and f* = 1% were already
axiomatized, so we may consider m > 1. By the Conjunctive Normal Form for mono-

tonic functions presented in Lemma 4.5.11, there are n € w and formulas P; € LY P,
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1 <i < n, such that 2 = (Algign Pi)QV’A. Then consider the rules

Py ... Pn f(P1,-- - Pm)
fo — .
f(P1,--, Pm) P; 1<i<n

and the following calculus:

Hilbert Calculus 17. %, s, f monotonic

By
Pmt1 VP oo Py VP, fv
pm+1\/f(p17"'7pm) 0
Pt V f(P1y -, D) oy
Pm+1 V P; 'L,1<i<n

We proceed to argue about the soundness of %, ; with respect to 2, ;. Notice that
the rules of %, were already proved sound earlier in this section. About rule fg, if its
conclusion is evaluated to false, then p,,+; and P; are both evaluated to false, and, since
f(p1,-..,Pm) is evaluated to a conjunction of all P;, it is also falsified, so there is no way

to evaluate the premiss to true. The argument for the other rules is analogous.

To prove the completeness of this calculus, first notice that the completeness property

for f, as a direct consequence of the Conjunctive Normal Form referred above, is given by
f(Ay,...,A,) el iffP],....PTeT* (f)

where o is a substitution such that o(p;) = A;, for all 1 < i < n. The desired result hence
follows by showing that both (V) and (f) hold in %, ;. By Lemma 4.5.7, £V holds for
every rule f*, where 0 < i < n, and hence my and d, hold, implying finally that (V) also
holds in this calculus. Now, it remains to show that (f) also holds. For that, consider the
fact that the rules f;, where 1 < i < n, hold in this calculus, by Lemma 4.5.7. Then from
the left to the right, apply the instances of rules f;, where 1 < ¢ < n, corresponding to
the appropriate substitution o. From the right to the left, use the appropriate instance of
rule fo. O
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4.6 Baka Bak,T

The classical connective ak may be defined from those in B via the translation t(ak) =
Ap,q,1.p V (q A1), hence its interpretation in 2, is monotonic. Moreover, notice that V2
is definable by Az, y.ak®(z,y,y), thus 2, is a monotonic expansion of 2. Henceforth, we

will use the abbreviation A V3B for ak(A, B, B). Then, by Theorem 4.5.12, the following

calculus axiomatizes the fragment B,y:

Hilbert Calculus 18. 4,

B, with V 1= vk

D vk (Ava*B) DVvak(Av*Q) D vakak(A, B, C) D vk ak(A, B, C)
d d
D v ak(A, B, C) ' Dvak(AvkB) “7 Dwvak(AV*Q)

ak3

Then, by Corollary 2.8.4.1, the following calculus axiomatizes B,y T:

Hilbert Calculus 19. %, +

4.7 Bada Bad,T

The classical connective ad may be defined from those in B by means of the translation
t(ad) = Ap, q,1.pV (qA—r). In what follows, abbreviate ad(A, B, A) by A Vv B and notice
that its semantics in 2,4 is the same as V in 2. Although the proposed calculus is large,
with twenty-five rules, the way it was conceived is not hard to understand. We establish
the rules ad; — adq1, then we take from 4, the rules d, —da, and finally add the \V2d-lifted
(same notion of V-lifted rules) versions of rules ad; —adi;. Such choices will greatly simplify
the proofs that are to come. Below we present %,4 followed by the proof of soundness

with respect to 2,4.
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7

2d(ad(C, A, B), A, C) %

ad(A, B, C)
ad(ad(ad(ad(F, A, D), A ad(E, A, D)), A,ad(ad(F,A,E), A, D)), B, C)
ad(A, B, C)
ad(ad(D, A,ad(D, A ad(E, A,D))), B, C)
ad(A, B, C)
Bvad A

ad3

ad4

ad5

A
ad(A, B, C)

2d(C V¥ D, A, B)
a
ad(C, A,B) v ad(D, A, B)
ad(C, A, B) V¥ ad(D, A, B)
2d(C V9D, A, B)
ad(A,B,C) ad(D,E,A)
ad(D, B, C)
ad(2d(E,D,C).A.B)
a
ad(E, A, B) v ad(E,D,C) ° %
ad(E, A, B) v® ad(E, D, C)
ad(ad(E, D, C), A, B)

ad6

dy

adg

adg

ad11

ad
A\/A A ad,

A v (B v Q)
(AVvadB) v C
DV C D v ad(A,B,QC)
D v A

adis

ad15

D vad A
D vad ad(ad(C, A, B), A, Q)

adye
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G Vvaad(A, B, C)
G v ad(ad(ad(ad(F, A, D), A, ad(E, A, D)), A, ad(ad(F, A, E), A, D)), B, C)
Fvad ad(A, B, C)
Fva ad(ad(D, A, ad(D, A, ad(E, A, D))), B, C)
D v*ad(A, B, C)
D v ad(B, A, B)

ad17

adlg

adyg

D v A
D v ad(A, B, C)
E Vvadad(C v D, A, B)
a
E v (ad(C, A, B) v®@ ad(D, A, B))
E vad (ad(C, A, B) V™ ad(D, A, B))
EVvadad(Cva D, A, B)
F Vv ad(B,D,E) FVv*ad(C,A,B)
F v ad(E, D, C)
F v ad(ad(E, D, C), A, B)
F v (ad(E, A, B) v ad(E, D, C))
F Vv (ad(E, A, B) v@ ad(E, D, C))
F v*ad(ad(E,D,C), A, B)

adgo

d21

ad22

ady3

ados

3d25

Theorem 4.7.1. The calculus B.q is sound with respect to the matriz 2,4.

Proof. Let v be a 2,4-valuation, and, to simplify notation, denote also by v the 2-valuation
v such that v = tov’. For rule ad;, suppose that v(C) = 1 and v(ad(A, B, C)) = 1. Then,
v(BA=C) =0, so v(A) = 1. For rule ady, suppose that v(A) = 1. Then any value of v(C)

leads v to assign 1 to the conclusion. For rule ads, suppose that v(ad(A, B, C)) = 1. Then,

we have two cases:

e v(BA—C) = 1: clearly causes v to assign 1 to the premiss; or

e v(A) = 1: our goal is then to show (a): v(ad(ad(F,A,D),A,ad(E,A,D))) =1 or
(b): v(ad(ad(F, A, E), A;D)) = 0. Let us work on the possible values for D, E and F
under v:

— v(D) =0 or v(F) = 1: we have v(ad(F,A,D)) = 1, thus (a).
— v(D) =1, v(E) =1 and v(F) = 0: we have v(ad(F, A, E)) = 0, thus (b).
— v(D) =1 and v(E) = 0: we have v(ad(E, A,D)) = 0, thus (a).
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For rule ady, the proof is similar, with the non-trivial case being v(A) = 1. Our goal is
then to show that (c): v(ad(D, A,ad(D, A,ad(E, A,D)))) = 1. Notice that if v(D) = 1,
then (c). Otherwise, we have v(ad(E, A, D)) = 1, then v(ad(D, A, ad(E,A,D))) = 0, and
thus (c). The soundness of rules ads and adg follows directly from the determinants of
ad in 2,4. For rule ad;, suppose that v(ad(C V¥ D, A, B)) = 1. Then (d): v(C Vv*¥ D) = 1
or (e): v(A) =1 and B = 0. In the first case, either C or D is assigned the value 1, so
v(ad(C,A,B)) =1 or v(ad(D, A,B)) = 1, and v assigns 1 to the conclusion. In the other
case, we have v(ad(C, A,B)) = 1 and v(ad(D, A, B)) = 1, and the conclusion also gets the
value 1 under v. For rule adg, suppose that v(ad(C v D, A, B)) = 0. Then v(CVv2¢D) = 0,
i.e.v(C) =0and v(D) =0,and v(A) = 0 or v(B) = 1. Notice that, under these conditions,
v(ad(C,A,B)) = 0 and v(ad(D,A,B)) = 0, so v assigns 0 to the premiss. For rule ady,
suppose that v(ad(D, B, C)) =0, so v(D) = 0 and v(B) = 0 or v(C) = 1. If v(B) = 0, case
v(A) =0, we have v(ad(A, B, C)) = 0 and, case v(A) = 1, we have v(ad(D,E,A)) = 0. In
the other hand, if v(C) = 1, when v(A) = 0, we have v(ad(A, B, C)) = 0, and when v(A) =
1, we have v(ad(D,E,A)) = 0. For rule ado, suppose that v(ad(ad(E, D, C),A,B)) = 1,
so v(ad(E,D,C)) = 1 or v(A) = 1 and v(B) = 0. In the first case, clearly v assigns
1 to the conclusion. In the second, we have v(ad(E,A,B)) = 1, so the conclusion also
is assigned to 1. The proof for ady; is very similar. For rules adi,, ad;3 and adis, use
Theorem 4.5.1. For the remaining rules, it is enough to show that if a rule is sound with
respect to 2, then its V-lifted version is also sound with respect to 2. So suppose that
(r)Ay,..., A, /A4 is sound with respect to 2 and consider its V-lifted version given by
(rYYBVA;,...,BVA,/BVA, ;. Then assume that v(BVA;) = --- = v(BVA,) = 1, hence
either v(B) =1 or v(Ay) = --- = v(A,,) = 1. In the first case, trivially v(BV A1) = 1,

and, in the second, since r is sound, we have v(A, ;1) = 1, thus v(BV A, ;1) = 1. O

Lemma 4.7.2. Where V = V3 properties my and &, (see Lemma /.5.5 and

Lemma 4.5.5, respectively) hold in B,y.

Proof. In view of Remark 4.5.1, we argue on the derivability of the V-lifted rules of 4,4.
Notice that, by taking V := V3, the rules adi», ad;3 and ady4 are the same as d,, d3 and dg
(see Section 4.5). Also, rule d; is a special case of adg (just take C = A), called adg here. By
Lemma 4.5.2, the presence of those rules implies that their V-lifted versions are derivable.
Moreover, rules adss, ..., adys are the V-lifted versions of rules ady,...,ady;. Finally, by

Lemma 4.5.7, the lifted versions of adss, ..., adys are derivable in this calculus. O

In what follows, if r is an n-ary rule, with n € w, let r®, the ad-lifted version of r, be
the rule given by the set of instances (ad(A;, C,D),...,ad(A,,C,D),ad(B,C,D)), where
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(Ay,...,A,,B) is an instance of r and C,D € L_,. The main purpose of the next lemma
is to show that all ad-lifted versions of the primitive rules of ad are derivable in 4,4, an

important step towards the completeness of this calculus with respect to 2,4.

Lemma 4.7.3. The following rules are derivable in AB,qy:

ad(C, A, ad(C, A, ad(B, A, C))) s

ad(ad(A,B,C),D,E)
ad(ad(A,D,E), B, C)
A
Av¥B
ad(C,D,E) ad(ad(A,B,C),D,E)
ad(A,D,E)
ad(A,D,E)
ad(ad(ad(C, A,B),A,C),D,E)
ad(ad(A, B, C), G, H)
ad(ad(ad(ad(ad(F, A, D), A,ad(E, A, D)), A,ad(ad(F,A,E), A, D)), B, C), G, H)
ad(ad(A,B,C),F,G)
ad(ad(ad(D, A,ad(D, A,ad(E, A, D))),B,C),F,G)
ad(ad(A,B,C),D,E)
ad(BVv* A, D, E)
ad(A,D,E)
ad(ad(A,B,C),D, E)
ad(ad(C v*¥ D, A,B), E, F)
ad(ad(C, A, B) v ad(D, A, B),E, F)
ad(A v A B, C)
ad(A,B,C)
AV¥B,C,D) .
BV A, C,D) 213
Av¥ (BVv*C(C),D,E)
(AVa¥B) v C,D,E) 1
ad(ad(C,A,B),E, F) ,
a
ad(ad(C v D,A,B),E,F) ~°
ad(ad(Cv*¥ D,A,B),E,F) ,

a
ad(ad(D v C,A,B),E,F) ~°
ad(ad(C, A,B) v* ad(D, A, B),E, F)

ad(ad(CV¥D,A,B),E,F) @

ady7

/
adg

—~

ad
adj

ad
ad;

ad
ads

ad
ad;

ad
ads

ad
adg

ad
ad?

adi‘zj
ad
ad

ad
ad

|~ |
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ad(ad(A,B,C),F,G) ad(ad(D,E,A),F,G) 4
ad(ad(D, B, C),F, G) ad

ad(ad(ad(E, D, C),A,B),F,G) g
ad(ad(E, A, B) V¥ ad(E, D, C), F,G) 210
ad(ad(E,A,B) v ad(E,D,C),F,G) |

ad(ad(ad(E,D,C), A, B),F,G)  2u

Proof. The formally verified derivation of each rule is presented below, following what
was explained in Chapter 3. Some derivations apply specialized versions of 4, given by

the sequent-style rules

D,A>C D,B>C

A>C B»>C 5
D,AVvB»>C V2,

AvB»>C Ovi

® ad26

theorem adgg {a b ¢ : Prop} (hy : a) (he :b):adabc:=
have hy : ad (ad a b ¢) b a, from ads hy,

show ad a b ¢, from ad; h; hj

e ad,

theorem ady’ {ab c:Prop} (h;:a):adca(adca(adbac)) =
have hy : ad a a a, from adsg h; hy,
have hy :ad (ad ca (ad c a (ad b a ¢))) a a, from ady hy,

showad ca (ad ca(adbac)), from ad; hy hs

® ad27

theorem adsy {abcde:Prop} (hy:ad(adabc)de):ad(adade)bc:=
have hy : (ad ad e) or (ad a b ¢), from adjg hy,
have hy : (ad abc) or (ad ad e), from ady3 hg,
show ad (ad ad e) b ¢, from ady; hs

e adg

theorem adg’ {a b : Prop} (h; : a) : aorb:=
ad6 h,




o ad®

theorem ad;_ad {abcde:Prop}(h;j:adcde) (hp:ad(adabc)de):adade:=
have hs : (ad (adabc)de) — ((adade) or (ad ab c)), from ady,
have hy:adade —+adade, fromR,
havehs:adcde —+adabc — adade, from ady,
have hg:adcde —+adade —+adade, from M; hy,
have hy :adcde — ((adade) or (adabc)) — ad ad e, from d_ors hg hs,
have hg:adcde — (ad (adabc)de) — ((adade) or (ad ab ¢)), from M; h;,
show ad a d e, from (T2 hg h7) hy hy

o ady?

theorem adp_ad {abcde:Prop}(hj:adade):ad(ad (adcab)ac)de:=
let b’ :=adcabin

have hyp : (adade) = (((ad cac) or v’) or ((ad c d e) or b)),
from (assume h, adsg $ ad;3 $ adsg $ adjg $ ads $ adi3 $ adg’ h),

have hg : ((ad cac) orb’) — ((ad b’ d e) or (ad b’ a ¢)),
from (assume h, ad;3 $ adg’ $ adyq h),

have hy : ((ad cde) or b’) = ((ad b’ d e) or (ad b’ a c)),
from (assume h, adg’ $ ad;; h),

have hs : (((ad cac) or b’) or ((adcde) orb’)) — ((ad b’ de) or (ad b’ a c)),
from d_ory hs hy,

have hg:adade — ((ad b’ de) or (ad b’ a ¢)),
from Ty ho hs,

show ad (ad b’ ac) d e,
from ady; (he hi)

o ady’

theorem ads_ad {abcdefgh:Prop} (h;:ad(adabc)gh):
ad (ad (ad (ad (adf ad)a(adead))a(ad (adfae)ad) bc)gh:=
let j:=ad(adfad)a(adead),k:=ad (adfae)ad,i:=adjakin
have hy : (ad (adabc) gh) = ((ad agh) or (ad a b ¢)),
from ad;g,
have h:adagh —ad(adibc)gh,
from (assume h3y, adj; $ adg’ $ ads hay),
have hy:adabc — ad (adibc) gh,
from (assume hyy, adg $ ads hyq),
have hs : ((adagh)or (adabc)) > ad(adibc)gh,
from (d_or; hs hy),
(T1 hy hs) by
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o ady®

theorem ady_ad {abcdef g:Prop} (hy:ad(adabc)fg):
ad (ad (adda(adda(adead)))bc)fg:=
leth:=adda(adda(adead)) in
have hyp : (ad (adabc) fg) — ((adaf g) or (ad a b ¢)),
from ad;g,
have hy:adafg —ad (adhbc) f g,
from (assume h3q, ady; $ adg’ $ ady hs),
havehy:adabc —ad(adhbc) f g,
from (assume hyq, adg $ ady hyq),
have hy : ((adaf g)or (adabc)) »>ad (adhbc) f g,
from d_ory hs hy,
(Ty hy hs) by

e ad

theorem ad;_ad {abcde:Prop}(h;:ad (adabc)de):ad (bora)de:=
have hy :ad (adabc)de — ((adade) or (ad a b ¢)),
from ad;g,
have hs : (ad ade) — (ad (b or a) d e),
from (assume h, adg $ ad;3 $ adg’ h),
have hy : (ad abc) — (ad (b or a) d e),
from (assume h, adg $ ads h),
have hs : ((ad ade)or (adabc)) = (ad (b or a) d e),
from §_or; hs hy,

(T1 ho hs) Iy

° adgd

theorem adg_ad {abcde:Prop}(hj:adade):ad(adabc)de:
adu $ ad(;, h1

e ad¥

theorem ad7_ad {abcdef:Prop}(h;:ad (ad (cord)ab)ef):
ad ((adcab)or (addab))ef:=
have hy : ad (ad (cord) ab) e f — ((ad (c or d) e ) or (ad (c or d) a b)),

from ad;g,




havehg:ad (cord)ef — ((ad ce f) or (ad d e f)),
from adry,
have hy:adcef — ad ((ad c ab) or (ad d ab)) e f,
from (assume h, adg $ adg’ $ ady; $ adg’ h),
havehs; :addef — ad ((ad cab) or (add ab)) e f,
from (assume h, ads $ ad;3 $ adg’ $ ady; $ adg’ h),
have hg : ((ad ce f) or (adde f)) > ad ((ad cab) or (add ab)) e f,
from d_or; hy hj,
havehy :ad (cord)ef — ad ((adcab) or (addab))ef,
from Ty hg hg,
have hg : ad (cord) ab — ad ((ad c ab) or (ad d a b)) e f,
from (assume h, adg $ ad7 h),
have hg : ((ad (c or d) e f) or (ad (c ord) ab)) — ad ((ad c ab) or (add a b)) e £,
from §_or; hr hg,

(Ty hp hg) by
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ad
adj,

theorem adjs_ad {a b c: Prop} (h; :ad (aora)bc):adabc:=
ad12 $ ad7 h1

ad
ad{3

theorem adj3_ad {abcd:Prop} (hy:ad (aorb)cd):ad (bora)cd:=
adg $ adi3 $ ad; hy

ad
ady,

theorem adj4_ad {abcde:Prop} (hy:ad (aor (borc))de):ad ((aorb)orc)de:=
adg $ adi3 $ adss $ adi3 $ adiy $ adoy $ ady hy

/
adg

theorem adg’ {abcdef:Prop} (hy:ad(adcab)ef):ad(ad (cord)ab)ef :=
have hy : (ad (ad cab) e f) — ((ad c e f) or (ad c a b)), from ady,
have hy : (ad c e £) — (ad (ad (c or d) a b) e £), from (assume h, ady7 $ adg $ adg_ad h),
:(ad cab) — (ad (ad (c or d) a b) e £), from (assume h, adg $ adg_ad h),
:((adcef)or (adcab)) — (ad (ad (c or d) a b) e f), from J_ory h3 hy,

show ad (ad (c or d) a b) e f, from (T; hy hs) hy

have hy

have hj
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e ady

theorem adg” {abcde f:Prop} (hy:ad(ad (cord)ab)ef):ad (ad (dorc)ab)ef =
have h3; : (ad (ad (c or d) ab) e f) — ((ad (c or d) e f) or (ad (c or d) a b)),
from ad;g,
have hgo :ad (cord)ef — ad (ad (dorc) ab) e f,
from (assume h, ady7 $ adg $ ady3_ad h),
have hzs :ad (cord)ab — ad (ad (dor c) ab) e f,
from (assume h, adg $ ad;3_ad h),
have hgy : ((ad (cord) e f) or (ad (cor d) ab)) » ad (ad (dorc) ab) e f,
from §_or; h3s hss,

(Ty hsy hgyg) by

e ady’

theorem adg_ad {abcde f:Prop} (h;:ad ((adcab)or (addab))ef):

ad (ad (cord)ab)ef =

have hy : ad ((ad c ab) or (addab))ef — ((ad (adcab) e f) or (ad (ad d a b) e f)),
from adr,

have hy :ad (ad cab) e f — ad (ad (cor d) ab) e £,
from adg’,

havehy :ad (addab)e f — ad (ad (c or d) ab) e £,
from (assume h, adg” $ adg’ h),

have h; : ((ad (ad cab) e f) or (ad (addab) e f)) — ad (ad (c or d) ab) e £,
from §_or; hs hy,

(T1 ho hs) Iy

e ady’

theorem adg_ad {abcdefg:Prop}(hy:ad(adabc)fg)(hy:ad(addea)fg):
ad (addbc) fg:=
letg':=addfg,c :=addbcin
have hy:ad (adabc)fg— ((adaf g) or (ad ab c)),
from ad;g,
have hy :ad (addea) f g — (g’ or (add e a)),
from ad;g,
have hy :adabc —addfg— (g or ¢,
from M; adg’,
have hg:adabc —addea — (g orc),
from (assume h, assume i, ady3 $ adg’ $ adg h 1),
have hy:adafg—addfg— (g or¢),

from M; adg’,




havehg:adafg—addea— (g orc),
from (assume h, assume i, adg’ $ adg h i),

have hg : (g’ or (add e a)) > adabc — (g or c’),
from £1ip (d_ors hs hg

)
have hig: (g’ or (add e a)) > adafg — (g or ¢’),

from £1ip (d_ors h7 hg)

)

have h;; : (g’ or (add e a)) — ((adaf g) or (adabc)) = (g or ¢’),
from §_ors hig hyg,

have h1o : (ad (adabc) fg) — (g or (ad d e a)) — (g’ or ¢’),
from £1lip (T2 (My h3) hiy),

have hyj3: (ad (adabc)fg) —» (ad (adde a) f g) — (g’ or ¢’),
from Ty (M; hy) hyo,

ady1 (hi3 hy h)
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° adig

theorem adjg_ad {abcdef g:Prop} (h; :ad (ad (adedc) ab) f g)

:ad ((adeab)or (adedc)) f g:=

have hy : ad (ad (adedc)ab)fg— ((ad (adedc) f g) or (ad (ad ed c) a b)),
from ad;g,

have hy:ad (adedc)fg—~ad ((adeab)or (adedc)) £ g,
from (assume h, adg $ ad;3 $ adg’ h),

have hy:ad (adedc)ab —ad ((adeab)or (adedc)) f g,
from (assume h, adg $ adjo h),

have h; : ((ad (adedc) f g) or (ad (adedc)ab)) - ad ((adeab)or (adedc)) f g,
from d_or; h3 hy,

(Ty h hs) by

° adi?

theorem adj;_ad {abcdef g:Prop} (h; :ad ((ade ab)or (adedc)) £ g)
:ad (ad (adedc)ab) fg:=
have hy : ad ((adeab)or (adedc)) fg— ((ad (adeab) f g) or (ad (aded c) f g)),
from adr,
havehy:ad (adeab)fg— ((ade f g) or (ad e a b)),
from ad;g,
have hy:ade f g — ((ad e f g) or (ad e d ¢)),
from adg’,
have h; : ((ade f g) or (adedc)) —> ad (ad (aded c) ab) f g,
from (assume h, ady; $ adi3 $ adip $ adg $ ady; h),
have hg:adef g — ad (ad (adedc) ab) f g,
from Ty hy hs,




have hy : ((adeab)or (adedc)) — ad (ad (adedc) ab) f g,
from (assume h, adg $ ady; h),

have hg :ad e ab — ((ad e ab) or (ad e d c)),
from adg’,

havehg:adeab — ad (ad (adedc)ab) f g,
from Ty hg hy,

have hijp: ((ade f g) or (ade ab)) » ad (ad (adedc) ab) f g,
from d_or; hg hg,

have h;; :ad (adeab)fg—ad(ad (adedc)ab) f g,
from Ty h3 hyq,

have hjp:ad (adedc)fg— ad(ad (adedc) ab) f g,

from (assume h, ady; $ adg $ ady1 $ adig bh),

from 5_0I‘1 h11 h12,

(T1 hg hy3) Iy

have hy3 : ((ad (adeab) fg)or (ad (adedc) fg)) > ad (ad (adedc)ab) f g,
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Lemma 4.7.4. Where V := V4, the following property holds:

f A VBeTlTthenAeTlTorBel™"

Proof. By Lemma 4.7.2, properties m, and d,, hold in the present calculus, and they,

together with the rules of 4, represented in B,4 by adg, ad», ad;3 and ady4, imply the

desired property (see the proof of Theorem 4.5.6).

Lemma 4.7.5. Let V := V9. If the rule

ad(A,D,E) ... ad(A,,D,E)
ad(B,D,E)

rad

is derivable in By, then the rule r'*, given by

ad(CVA;,D,E) ... ad(CVA,DE)
ad(CVB,D,E)

d
r\/ ?a

18 also derivable.

]

Proof. Let r be non-nullary rule given schematically by (r) Ay, ..., A, /B and define R :=
ad(C, D, E). Suppose that r* holds in %.q4, given by (r*¥) Py,..., P, /ad(B, D, E), where
P, = ad(A;,D,E), thus Il := {P; | 1 < i < n} kg, ad(B,D,E). By Lemma 4.7.2 and
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Lemma 4.5.4, we have (a): IIY 4., R vV ad(B,D,E), where IIY := {RV P | P € II}. Let
Q; =ad(CVA;,D,E) and © := {Q; | 1 <i < n}, which represent precisely the premisses
of the rule whose derivability we want to prove. By rule ad;, we have (b): © F4_, S, for
each S € I1V. Hence, from (a) and (b), by (T), © F4,, RV ad(B, D, E), which, by rule adg

and (T), gives © k4, ad(C V B, D, E), the desired result. O
Corollary 4.7.5.1. The rules ad3y, ..., ad3s are derivable in %B,g.
Proof. Because the rules ads, . .., adps are respectively the rules ady, ..., ad{;, and rules

adjad, for 1 < j <11, were seen to be derivable in Lemma 4.7.3, we note that Lemma 4.7.5

implies that the rules (adjv)ad are also derivable. ]

Lemma 4.7.6. The following property holds for g4,
foralTU{A,B,C,D} C L 4. if I''B,Ctg4, AthenI' Bty ad(A,B,C) (0ad)

Proof. Let ' U{A,B,C} C L_, and suppose that I', B,C -4, A, witnessed by a deduc-
tion Ay,...,A, = A. Consider the property P(j) meaning the consecution I',;B F4_
ad(A;,B,C). We will prove by induction on this derivation that P(j) holds for all
1 < 7 <n, then, in particular, it will hold for n, which is precisely the desired result. For
the base case, there are three possibilities: (a) A; € I', (b) A; =B or (¢) A; = C. In case
of (a), I'B Fg,, Ay, and, by rule adg, I', B F,, ad(A1, B, C). In case of (b), I', Bt4_, B,
by (R) and (M), hence, by rule adg, I', B -4, ad(B, B, C). Now, to complete the base case,
in case of (c), use I', B4 , B and rule ads to get I', B F»_, ad(B, C, B), then rule ady3 to
get I, B F4,, ad(C, B, C), the desired result since A; = C.

For the inductive step, suppose that P(i) holds for all 1 < i < k, where & > 1.
Then, the same cases considered in the base case apply for A, and are proved in the
same way, together with the case in which Aj results from the application of an instance
(A, o Ay, Ag), with 1 < k) < kand 1 < I < m, of some of the primitive rules
of #.q, say adg, some 1 <s < 25. By the induction hypothesis, the following assertions
hold: T', B 4, ad(Ay,, B, C), ..., I',B k4, ad(A;,,, B, C). Since the lifted version ad™ is
derivable, by Lemma 4.7.3 and Corollary 4.7.5.1, an application of it to ad(Ag,, B, C),. ..,
ad(Ay,,, B, C) allows us to derive ad(Ay, B, C) from I' U {B}. O

Lemma 4.7.7. Every set I'" that is Z-mazimal with respect to b, , is mazimal (consis-

tent).

Proof. Suppose that I't is Z-maximal and assume that A ¢ I'*. The goal is to prove
that I'A F4,, B for every B € L . Let C € I'" (Lemma 2.6.2 guarantees that I'" is
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nonempty). An important fact in this proof is that I't 4, ad(B,C,Z). To prove it,
assume that I't t/4_ ad(B, C,Z), in order to derive the contradiction I'* 4, Z by the

following reasoning:

(1) I't,ad(B,C,Z) Fau, Z Lemma 2.6.1.1
(2) T+, C,ad(B,C,2) Fuy, Z 1 (M)

(3) I't,Cly,, ad(Z,C,ad(B,C,Z)) Oad

(1) Cla, C (R)

(5) T*,Chy, C 4 (M)

(6) TT,Clg, ad(Z,C,ad(Z,C,ad(B,C,Z))) 5 ad,

(7) T+ Cly, 7 3,6 ad;

(8) T* g, Z 7Cer+t

Because I't 4, ad(B, C,Z), we get (a): I'T, A 4., ad(B, C, Z) by (M). Since A ¢ T'*,
we also have (b): 't A k4, Z. Then these consecutions, by adj, yield I'; A k4, B,

proving that I'* is maximal. O

Theorem 4.7.8. The calculus AB.q is complete with respect to the matriz 2.4.

Proof. Let I' U {Z} C L,, such that I' /4, Z and take a Z-maximal theory I'" D T’
by Lindenbaum-Asser Lemma. From the truth-table of ad and the formulation given in

Section 2.7, the completeness property (ad) is given by:

ad(A,B,C)eTTiff AcT or(BeTTand C ¢ T™) (ad)

In the left to right direction, suppose that ad(A,B,C) € I't, thus (a): I't kg4,
ad(A, B, C). Then, by rule ads and (T), I'" k4., ad(B,A,B), which, by Lemma 4.7.4,
implies I'" k4, A or I'" k4, B. We proceed by considering the cases regarding the
derivability of A from I'". In case I'" -4, A, there is nothing to be done. Otherwise,
if I'" /4., A, we have I'" -4 , B because of the lemma just mentioned. For the sake of
contradiction, suppose that C € I'", thus (b): I't 4, C. From (a) and (b), by ad;, we get
't 4., A, contradicting the assumption that I't 174, A. Therefore C ¢ I't, as desired.

From right-to-left, in case A € I'", I'* k4 A. From this, by rule adg and (T), we
have I't 4, ad(A,B,C). In case B € T't and C ¢ T'", because I'" is also maximal
(Lemma 4.7.7), I't B, C k4., A, which, by the deduction theorem d,q, leads to I'", B -4,
ad(A, B, C) and thus to I'* -4_, ad(A, B, C), since B € I'" by assumption. O
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The expansion B,q 7 axiomatized by the calculus below, in view of Corollary 2.8.4.1:

Hilbert Calculus 21. %41

4.8 B., B.7

The axiomatization here presented for B-, the fragment of pure classical negation,
uses the rule of explosion, denoted by ny, and the rules for double negation introduction

and elimination:

Hilbert Calculus 22. %_

Theorem 4.8.1. The calculus -, is sound with respect to the matrix 2-.

Proof. Let v be an arbitrary 2_-valuation. By the interpretation of = in 2_, the premisses
of n; can not be simultaneously evaluated to 1. Soundness of rules n, and n3 follows by

the involutive characteristic of =%, that is, the fact that =%~ (=?~(z)) = z. O

We now intend to prove a deduction theorem for negation, which will have as con-
sequence the completeness result for the calculus %, with respect to the pure negation
fragment. For that, we first prove a lemma regarding the structure of the formulas in a
derivation in the calculus under discussion. This result will then be used to prove the

desired theorem.

Lemma 4.8.2. Let By,...,B,, = B be a derivation of B from I'. If the rule ny was not
applied to obtain any of the formulas By,...,By, with 1 < k < n, then each B;, for
1 < j <k, has the form —*""¢C, where —=*"T<C € T, ¢ € {0,1}, C is not —-headed, and

m,n € w.

Proof. Let 1 < k < n, and suppose that the rule n; was not applied to derive any of the

formulas B; in the derivation of B from I', where 1 < j < k. The proof goes by induction on
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j, considering P(j) given by the statement “B; has the form —?"*¢C, for some —=*"*<C € T,
where ¢ € {0, 1}, C not —-headed and m,n € w”. The base case, when j = 1, presupposes
checking only the case when B; € I, since this calculus contains no axioms. Then, if
B; € I, the property follows because any formula in a language whose signature has —
as unary symbol has the form —?""¢C; for some non-—-headed formula C, ¢ € {0,1} and
m € w. Now, suppose that the claim holds for all B;, with ¢ < j. In case B; € I, the same
argument used in the base case is applicable. Otherwise, B; follows either from n, or n3
applied to By,, with i; < j. By the induction hypothesis, B;, = =?"*“1C € T for some
non-—-headed formula C, n; € w and ¢; € {0, 1}. In the first case, B; has the form ——B;,,
as a result of the application of rule ny, thus B; = =?m1+2te1C = [2(mth+aC = J2m+ac)
with n] € w. In the second case, B; is a formula D, as a result of rule n3 applied to
B;, = =—D. This forces n; to be strictly positive, since ¢; € {0, 1}. This fact implies that

B; = ~?mta—2C = 2m-DraC = -2m+aC where n) € w necessarily. O
Theorem 4.8.3. The following property holds for F4_:

forallTU{B} C L_.ifI',"BF4 BthenI't4 B (0-)

Proof. Let T'U {B} C L_. Suppose that I',-B F4_ B and that this is witnessed by
the deduction By,...,B,, = B. Notice that, if the rule n; was not applied in this entire
derivation, then Lemma 4.8.2 guarantees that B = =?"*¢C, where B’ = =*"*C ¢ I, C
is not —-headed, m,n € w and ¢ € {0,1}. In this case, there are three cases to consider:
if m =n, then B =B’ € T, thus I F4_ B; if m < n, then perform consecutive n —m
applications of rule n, starting from B’, deriving B; finally, if m > n, do the same as the

latter case, but with m — n applications of rule ns.

Now, suppose that the rule n; was applied for the first time in step k, where k£ > 3,
resulting in the formula By. In this case, there are formulas By, and By,, where kq, ko < k,
such that (a): By, = —Bj,. Because of Lemma 4.8.2, (b): By, = —*T4C; and (c):
By, = —?"272(Cy, where (d): =™ Cy € T and (e): =*™272C, € T, C; and Cy are not —-
headed, ¢y, ¢y € {0,1} and ny, my, ny, me € w. The facts (a), (b) and (c) force C; = Cy and
establish that 2ny 4+ co = 2n1 + ¢y + 1. The latter implies ¢; # co, otherwise 2ny = 2nq + 1,
an absurd. Without loss of generality, take ¢; = 0 and ¢y = 1, then, from (d) and (e),
—?m1(Cy € I and =?m2+1(C, = =2m2F1C; € I'. Hence, by m; consecutive applications of rule
ns starting from —?"1C;, we derive C; from I'. Similarly, with ms consecutive applications
of this same rule starting from —*"271C;, we get ~C; from I'. These two derivations are

enough ingredients to produce B from I' by rule ny, which is the desired result. O]
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Theorem 4.8.4. The calculus %B_ is complete with respect to the matriz 2_,.

Proof. Let TU{Z} C L_. Consider I'" D I' a Z-maximal set and the completeness property

for — presented below, obtained following the procedure described in Section 2.7:
—AelTiffAgTT. (—)

To prove this property, from the left to the right, we work by contradiction, so suppose that
—A €T and A € T'". Since I'" is deductively closed (see Corollary 2.6.1.2), T'" F4_ A and
I'" F4_ —A. Then, by an appeal to ny, I't F4_ Z, contradicting the fact that 't /4 Z.
From the right to the left, again by contradiction, suppose that A ¢ I'* and —=A ¢ T't.
Then, by Theorem 2.6.1, (a): I'"A F4_ Z and (b): I'",-A b4_ Z. Finally, the following

reasoning produces the absurd I't F4_ Z:

(1) TT,-Atgy Z (a)

(2) ~Z,obs A ny

(3) T't,=Z,-Aby A 1,2(T)

(4) TH,—-ZkFg A 3 Theorem 4.8.3
6) T*Aby Z ()

(6) I'",\=Zks_ o 4,5 (T)

(7) TTky Z 6 Theorem 4.8.3

O

We finish this section with the calculus for the expansion B- +, which is, as usual,

axiomatized by adding the rule t; (see Corollary 2.8.4.1):

Hilbert Calculus 23. %_, +

B B

In order to keep the deduction theorem and, consequently, the completeness property
for negation, we just need a slight modification in the statement of Lemma 4.8.2: instead
of “=?m+<C € I, we would write “T’ o+ —2mteC” something that leads to small
modifications in the proof of Theorem 4.8.3. The proof of the modified version of the

referred lemma is very similar to the proof of the original one.
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4.9 Bpta Bpt,J_a Bpt,Ta Bpt,J_,T

The classical connective pt may be defined from those in B by means of the translation
t(pt) = Ap,q,r.p + (q+ 1), where + = Ap,q.(p A =q) V (q A =p). Notice that the induced
interpretation pt? is such that pt®(z,y, 2) = 1 if and only if either z = y = 2z = 1 or exactly
one of the elements x,y and z is 1, what characterizes it as a linear boolean function. The
candidate axiomatization for the fragment B, is presented below and clearly reflects the

behaviour of pt?. The proof of soundness is presented right after it.

Hilbert Calculus 24. %,

A B C, PUABC PHA,B,C)
pt(A, B, C) pt(B, A, C) pt(A, C,B)

A pt(A,B,B) .  pt(A,B,pt(C,D,E))
A pt, BT t
pt(A,B,B) A P Lt(pt(A.B,C),D.E) "

Theorem 4.9.1. The calculus By, is sound with respect to the matriz 2.

Proof. Let v be an arbitrary 2-valuation. For rule pty, if v(A) = 1, v(B) = 1 and
v(C) =1, then v(pt(A, B, C)) = 1. For rules pt, and pts, if v(pt(A, B, C)) = 1, then either
all components all assigned the value 1 or only one of them is assigned 1. In any case,
permuting the order in which they occur in the compound does not its value under v.
For rule pty, if v(A) = 1, consider two cases: either v(B) = 1 or v(B) = 0; the former
implies that all of subformulas of pt(A, B, B) are assigned the value 1 and the latter implies
that only one subformula is assigned the value 1, so v(pt(A, B, B)) = 1. The argument is
analogous to for pts. Finally, for rule pte, if v assigns 0 to pt(pt(A, B, C),D, E), consider

the following cases:

e if v(pt(A,B,C)) =0, v(D) =0 and v(E) = 0, we have these subcases:

— ifu(A
(

0, v(B) = 0 and v(C) = 0, then v assigns necessarily 0 to the premiss;

)
— if v(A) =1 and v(B) = 1 but v(C) = 0, then v(pt(C,D,E)) = 0; and
— if v(A) = 0 and v(B) = 1 but v(C) = 1, or v(A) = 1 and v(B) = 0 but
v(C)

=1, then v(pt(C,D, E)) = 1, causing v to assign 0 to the premiss.

o if v(pt(A,B,C)) =1, v(D) =1 and v(E) = 0, we have these subcases:
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—if v(A) = 1, v(B) = 1 and v(C) = 1, then the premiss gets the value 0
immediately;

— ifv(A) =1, v(B) =0 and v(C) = 0, then v(pt(C, D, E)) = 1, causing v to give
the value 0 to the premiss;

— ifv(A) =0, v(B) =1 and v(C) = 0, the argument is analogous to the previous
case;

—if v(A) = 0, v(B) = 0 and v(C) = 1, since v(C) = 1 and v(D) = 1,
v(pt(C,D,E)) = 0, and the premiss get the value 0.

e The remaining cases go analogously as the previous case-by-case analysis.

O

In what follows, if r is an n-ary rule, with n € w, let rP*, the pt-lifted version of r, be
the rule given by the set of instances (pt(C,D,A;),...,pt(C,D, A,), pt(C,D,B)), where
(Aq,..., Ay, B) is an instance of r and C,D € L. We proceed by deriving some rules in
B Some of them are the pt-lifted versions of the primitive rules, while the others will

simplify the proofs of important properties in the path to the completeness result.

Lemma 4.9.2. The following rules are derivable in %y :

pt(pt(A,B,C), D, E)

t

pt(A, B,pt(C. D, E))
pt(D, E, pt(A, B, C)) ot
pt(D7 E7 pt(A7 Bv C)) ptpt
pt(D, E, pt(A, C,B)) "
pt(CJ D7 A) pt

pt(C, D, pt(A, B, B)) 7™

pt(C,D, pt(A, B, B))
pt(C,D, A)

pt(F, G, pt(A, B, pt(C,D, E))) ot
ot(F, G, pt(pt(A, B, C), D, E)) P'o

pt(pt(A, B, C), A, B)

t
pts

c ptg
pt(pt(A,B,C), A, C)
B pty

pt(pt(A, B, C),B,C)
A Ptio
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pt(E, F, pt(pt(A, B, C),C,D)) o
ot(E, F,pt(A,B,D))  "n

pt(E, F, pt(pt(A, B, C),B,D))
pt(E, F, pt(A,C,D))
pt(E, F, pt(pt(A,B,C),A,D))
pt(E, F, pt(B,C,D))
pt(pt(pt(A, B, C), A, D), pt(pt(A, B, C), B, D), pt(pt(A, B, C),C,D))

pt1;

pti1

D Pti1
pt(A,B,C) D E
Pty
pt(A, B, pt(C,D,E))
pt(A,B,C) pt(A,B,D) E
pti3

pt(C,D,E)
pt(A,B,C) pt(A,B,D) pt(AB.E)

pt(A, B, pt(C, D, E)) P

A

pt(pt(A, B, C), B,C) P

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

e pt;

theorem pty {abcde:Prop} (h;:pt(ptabc)de):ptab(ptcde):=
have hy : pt d (pt a b ¢) e, from pty hy,
have hy : pt d e (pt a b c), from pts ho,
have hy : pt (pt d e a) b ¢, from ptg hs,
have hs : pt b (pt d e a) c, from pts hy,
have hg : pt b ¢ (pt d e a), from ptj hs,
have hy : pt (pt b c d) e a, from ptg hg,
have hg : pt e (pt b ¢ d) a, from pts hy,
have hg : pt e a (pt b ¢ d), from pt3 hg,
have hjg : pt (pt e ab) ¢ d, from ptg hy,
have hy; : pt ¢ (pt e a b) d, from pty hyg,
have hyo : pt ¢ d (pt e ab), from pt3 hyq,
have hy3 : pt (pt cd e) a b, from ptg hya,
have hy4 : pt a (pt ¢ d e) b, from pts hy3,
show pt a b (pt c d e), from pts hyy

° ptgt

theorem pto_pt {abcde:Prop} (h;:ptde(ptabc)):ptde(ptbac):=



have hy : pt d (pt a b c) e, from pts hy,
have hy : pt (pt ab c) d e, from pts hy,
have hy : pt ab (pt ¢ d e), from pty hs,
have hs : pt b a (pt c d e), from pty hy,
have hg : pt (pt bac) d e, from ptg hs,
have hy : pt d (pt b a c) e, from pts hg,
show pt d e (pt b a c), from pts hy
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° ptgt

theorem pt3_pt {abcde:Prop} (h; :ptde(ptabc)) :ptde(ptach):=
have hy : pt (pt d e a) b ¢, from ptg hy,
have hy : pt (pt d e a) ¢ b, from pt3 hy,
show pt d e (pt a ¢ b), from pty hj

° ptzt

theorem pty_pt {abcd:Prop} (hy :ptcda):ptcd(ptabb):=
have hy : pt (pt ¢ d a) b b, from pty hy,
show pt ¢ d (pt a b b), from pty hy

° ptgt

theorem pt;_pt {abcd:Prop} (h;:ptcd(ptabb)):ptcda:=
have hy : pt (pt ¢ d a) b b, from ptg hy,
show pt c d a, from pts hy

° ptgt

theorem ptg_pt {abcde fg: Prop}
(h1:ptfg(ptab(ptcde))
:ptfg(pt(ptabe)de) =
have hy : pt (pt ab (pt cde)) £ g, from pte (pts hy),
have hy : pt ab (pt (pt cde) f g), from ptr ho,
have hy : pt (pt (pt cde) f g) ab, from pta (pts hs),
have hs : pt (pt cde) £ (pt g ab), from pty hy,
have hg : pt c d (pt e £ (pt g ab)), from pty hs,
have hy : pt (pt e £ (pt ga b)) c d, from pts (pts hg),
have hg : pt e £ (pt (pt gab) c d), from pt7 hy,

have hg : pt (pt (pt gab) cd) e f, from pts (pts hg),




have hig : pt (pt gab) c (pt d e f), from pty hy,

have hy; : pt ga (pt bc (pt de f)), from pty hyo,

have hijs : pt (ptbc (ptde f)) g a, from pty (pts hiy),
have hjs3 : pt bc (pt (pt de f) ga), from pty hyo,

have hy4 : pt (pt (pt de f) ga) b ¢, from pts (pts his),
have hy5 : pt (pt de f) g (pt ab c), from pty hyy,

have hijg : pt d e (pt f g (pt ab c)), from pty hys,

have hyj7 : pt (pt £ g (pt abc)) d e, from pty (pts hig),
show pt £ g (pt (pt ab c) d e), from pt7 hyy
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e ptg

theorem ptg {a b ¢ : Prop} (h; : pt (ptabc)ab):c:=

have hy : pt a (pt a b ¢) b, from pty hy,

have hy : pt a b (pt a b ¢), from pt3 ha,

have hy : pt a b (pt a ¢ b), from pt3_pt hs,

have h; : pt ab (pt c a b), from pta_pt hy,

have hg : pt a (pt ¢ a b) b, from ptj hs,

have hy : pt (pt c ab) a b, from pta hg,

have hg : pt c a (pt b a b), from pt7 hy,

have hg : pt c a (pt a b b), from pta_pt hg,

have hjg : pt c a a, from pts_pt hy,

show ¢, from pts hjg

e pty

theorem ptg {a b c: Prop} (h; :pt (ptabc)ac):b:=
have hy : pt a b (pt ¢ a ¢), from pty hy,
have hy : pt a b (pt a ¢ ¢), from pta_pt ho,
have hy : pt a b a, from pts_pt hs,
have hs : pt b a a, from pty hy,
show b, from pts hs

® pty

theorem ptig {a b ¢ : Prop} (h; :pt (ptabc)bec):a:=
have hy : pt ab (pt ¢ b ¢), from pty hy,
have hg : pt a b (pt b ¢ ¢), from pta_pt ho,
have hy : pt a b b, from pts_pt hs,

show a, from pts hy




® pti;

lemma pt1;’ {abcdef:Prop} (h;:ptef (pt(ptabc)cd))
:ptef(ptabd):=
have hy : pt e £ (pt ¢ d (pt ab ¢)), from pt3_pt (pta_pt hy),
have hj3 : pt pt (pt cd a) b c), from ptg_pt ho,
have hy : pt pt bc (pt cd a)), from pt3_pt (pta_pt hs),

have hg : pt

ef ( )
ef( )
have h; : pt e £ (pt (pt b c ¢) d a), from pte_pt hy,
ef (ptda(ptbcc)), from pts_pt (pta_pt hs),
ef (

have hy : pt pt (pt d ab) c ¢), from pts_pt hg,
have hg : pt e £ (pt d a b), from pts_pt hr,
show pt e £ (pt a b d), from pts_pt (pta_pt hg)

® ptf;

lemma pty;”’ {abcdef:Prop}(h :ptef (pt(ptabc)bd))
:ptef(ptacd):=
have hy : pt e £ (pt bd (pt a b ¢)), from pt3_pt (pta_pt hi),
pt (pt bd a) b c), from pte_pt hs,
pt cb (pt bd a)), from pta_pt (pts_pt (pta_pt h3)),
)
)

have hs : pt e f (
ef (

have h; : pt e £ (pt (pt ¢ b b) d a), from pte_pt hy,
ef(
ef(

have h4 : pt
have hg : pt pt da (pt cbb)), from pt3_pt (pta_pt hs),
have hy : pt pt (pt d a c) b b), from pte_pt hg,
have hg : pt e £ (pt d a c), from pts_pt hy,

show pt e £ (pt a ¢ d), from pts_pt (pta_pt hs)

"

e pty;

lemma pti;’” {abcdef:Prop} (hy :ptef (pt(ptabc)ad)
:ptef (ptbcd) =
have hy : pt e f (pt d a (pt ab c)), from pto_pt (pts_pt (pta_pt h1)),
have hy : pt e £ (pt (pt daa) b c), from ptg_pt ha,
have hy :pt e £ (pt bc (pt d a a)), from pt3_pt (pta_pt hs),
have h; : pt e £ (pt (pt b cd) a a), from pte_pt hy,

show pt e £ (pt b ¢ d), from pts_pt hj

® pty,;

theorem pty; {a b cd: Prop}
(hy : pt (pt (ptabc)ad) (pt (ptabcec)bd) (pt(ptabec)cd)):d:=
have hy : pt (pt (ptabc)ad) (pt (ptabc)bd) (pt abd), from ptyy’ hy,



have hj

have hry
have hg

have hyg

have hyy

have hqg
have hyyg
have his
have hyg
have hyy
have hig
have hig
have hyg

have hgoy

have hg :

have hy :

have hg :

have hjg : pt (
:pt (ptab(ptacd))d(ptbdc
pt (

have hio :

pt (ptabc)ad) (ptabd)
pt (ptabc)ad) (ptabd)

(
(

pt a cd), from pty;” hs,

pt (
pt (
:pt (ptabd) (pt (pt abc)ad) (pt acd), from pty hy,
pt (

ptabd) (ptacd) (pt (ptabc)ad), from pts hs,

:pt (ptabd) (ptacd) (ptbcd), fromptyy’” hg,
:ptab(ptd(ptacd) (ptbcd)), frompty hy,
:ptab (pt (ptacd)d(ptbcd)), frompto_pt hg,

ptab(ptacd))d(ptbcd), from pte hy,

)
)

ptab(ptacd))d(ptdbc), from pto_pt hyq,

, from pt3_pt hjo,

:pt (pt (ptab (ptacd))dd) bc, from ptg hya,
:ptbc (pt (ptab(ptacd))dd), frompts (pte hys),
:ptbc(ptab(ptacd)), from pts_pt hyg,
:ptbc(ptba(ptacd)), from pto_pt hys,

:pt (pt bcb)a(ptacd), from pts hyg,
:pta(ptacd) (ptbcb), from pts (pt2 hi7),
:pta(ptacd) (pt cbb), from pta_pt hyg,

:pt a(ptacd)c, from pts_pt hig,

:pt (pt acd) ac, from pty hao,

show d, from ptg ha;

pt (pt abc) b d), from pts ho,
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® pty,

have hy :

theorem ptis {abcde:Prop} (hy :ptabc) (he:d) (hs:e)
:ptab(ptcde):=

pt (pt abc)de, from pty hy hs hs,

show pt ab (pt c d e), from pty hy

® pty3

have hy :
have hjy
have hg
have hy
have hg
have hg
have hig

have hi

theorem ptis {abcde:Prop} (hy :ptabc) (hy:ptabd) (hg:e)
:(ptcde):=

pt ab (pt ¢ (pt abd) e), from pti2 hy hs hs,

:ptab (pt (ptabd)ce), from pta_pt hy,

:pt (ptab (pt abd)) c e, from ptg hs,
:ptce(ptab(ptabd)), from pts (pts hg),

:pt ce (pt (pt abd) ab), from pto_pt (pts_pt hy),
:pt ce (pt bdb), from pty;’” hg,

:pt ce (ptdbb), from pta_pt hg,

:pt ced, from pts_pt hjo,

show pt c d e, from pt3 hj;
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® ptyy

theorem pt14 {abcde:Prop} (h;:ptabc) (hy:ptabd)(hs:ptabe)
:ptab(ptcde):=
have hy : pt ¢ d (pt a b e), from pty3 hy hy hs,
have h; : pt c d (pt e a b), from pta_pt (pts_pt hy),
have h; : pt (pt ¢ d e) a b, from ptg hs,
show pt a b (pt ¢ d e), from pt3 (pts hs)

e pt)

theorem pty’ {a b c:Prop} (hy:a):pt(ptabc)bc:=
have hy : pt a b b, from pty hy,
have hs : pt (pt a b b) ¢ ¢, from pty ho,
have hy : pt ab (pt b ¢ ¢), from pt7 hs,
have hs : pt ab (pt c b ¢), from pto_pt hy,
show pt (pt ab c) b ¢, from ptg hs

O

We now proceed to prove what we call the monotonicity property my: and the de-
duction theorem ¢, using them in the sequel to to prove the completeness of %, with

respect to 2.

Lemma 4.9.3. The following property holds for -4 :

foralTU{A,B,C} C L.ifAc€cTand By, C

(Mpt)
then ' pt(A,B,C)orI't5 C

Proof. Let I' U {A,B,C} C L, and suppose that A € I" and I', B -, C. Suppose that
Cq,...,C, = Cis an n-long sequence that witnesses the given consecution. Consider the
property P(i) given by the statement “I' 5 pt(A,B,C;) or else I' k5 C;”. We work
by induction on that derivation to show P(k), for all 1 < k& < n, culminating in the
desired conclusion when k£ = n. In this way, for the base case, there are two possibilities
(since no axioms are available): (i) C; € T, in which case I' 5, Cy, or (ii) C; = B, in
which case, by rule pts, from the assumption that A € I', we get I -5 pt(A, B, B), i.e.
[' Fg,, pt(A,B,Cy). For the inductive step, given some k& > 1, suppose that P(i) holds
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for all 1 <i < k, so it remains to prove P(k). For that, there are three possibilities, two
of them are those of the base case — already proven, then — and the third is that Cy
follows from the instance (Cg,,...,Cy,., Ci), k; < k, for all 1 < j <m, of some primitive
m-ary rule of #,. First, suppose that such rule is pt;. Then, C = pt(Cy,, Cy,, Cy,). By
the induction hypothesis, either I' =5 pt(A,B,Cy;) or 'tz Cy,, for each 1 < j < 3. If
the second case holds for them all, then simply use pt; to get I' -5 Ci. Otherwise, rules
ptiz, ptiz and pty4 guarantee that, in any possible combination of the remaining cases,
[ kg, pt(A,B,Cy) or else ' g pt(Cy,, C,, Ck,). Now, suppose that Cy follows from
the one of the other rules, say pt;, for some 2 <i < 6. Since they are all unary, there are
only two cases, by the induction hypothesis: either I' =5 pt(A,B,Cy,) or I' - Cy,, for
Ck, the formula from which Ci follows. In the first case, if the derivation occurs by the
application of the rule, then use the derived rule pt™ to get T Fa, pt(A,B,Cy). In the
other case, apply the same rule pt; to get I' -5 Cy. O]

Theorem 4.9.4. The following property holds for -4 :

forall’U{A,B,C,D} C L.
if[,AlFy, Dand,BFg DandI',Cly D (Opt)
then I', pt(A, B,C) 5, D

Proof. Let I" = T" U {pt(A,B,C)}, and suppose that these three consecutions hold:
VA kg, D, I'B kg, D, and I''C kg, D. By Lemma 4.9.3, considering each
one of these assumptions, we get, respectively, I Fz  pt(pt(A,B,C),A,D), I g,
pt(pt(A,B,C),B,D), and I k4 pt(pt(A,B,C),C,D) (abbreviate the right-hand sides
of these consecutions by A’,B" and C', respectively) or else I' -5 D. The latter case
gives precisely the desired result. For the other cases, notice that, by pt;, we have
[" g, pt(A’, B, C’), which, by the derived rule pt;;, gives I' 5 D. H

Theorem 4.9.5. The calculus B, is complete with respect to the matriz 2.

Proof. Following the procedure presented in Section 2.7, let I' U {Z} C L, and take
the Z-maximal theory I't D T" via the Lindenbaum-Asser Lemma. The inspection of the

truth-table for pt in 2 reveals the completeness property that needs to be proved:

pt(A,B,C) e Tt iff (A,B,CeTl")or
(AeTtand B,C¢T")or
(BeTTand A,C¢&T")or
(CeT*and A,B¢T™)
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From the left to the right, suppose that pt(A, B, C) € I'*, thus (a): I'" 4 pt(A, B, C).
First of all, suppose, for the sake of contradiction, that A,B,C ¢ I'". Then, by Corol-
lary 2.6.1.1, I'",A kg 7, T*,B Fg, Z and T'",C kg Z; hence, by &y, we get
I pt(A, B, C) kg, Z, yielding, considering the consecution (a), the absurd I'* k4 Z by
(T). We proceed by proving that it is not the case that any two of the formulas A, B and
C can be in 't while the other is not. Consider the case in which A,B € T'" but C ¢ T'*.
Then, in view of (a), we get, by pti, I'" k4 pt(pt(A, B, C), A, B), which yields, by pts,
I'" k4, C. This, together with the assumption that C ¢ I'" (and thus I'*,C k4 Z)
gives the absurd I'" -5 Z by (T). The cases A,C € I'* and Be I'*, and B,C € I'* and
A € T'" are handled in the same way, but using rules ptg and ptig respectively, instead of
ptg. To finish this proof, consider the following two cases: either A, B, C € I'" or not. The
first situation gives directly the desired result. The second case, considering the fact just
proved, has as possibilities only the cases pursued to finish this proof, which must hold

because we showed that at least one of the formulas A, B and C must be in I'*.

From the right to the left, suppose that A,B,C € I'*, then I'* -5 pt(A,B,C), by
pt;. Now, suppose that A € ' and B,C ¢ I'", then I'*, B4 Z and I'*,C k4 Z. We
proceed by contradiction: assume that pt(A, B, C) € I'*, meaning that I'", pt(A, B, C) F4
Z. Then, by &y, the consecution (a): I'*, pt(pt(A, B, C), B, C) 4, Z follows. From I'* 4
A, by pty, we get ['" k5 pt(pt(A, B, C), B, C), which, together with (a), derives the absurd
[t Z by (T). The proofs for the other two cases are analogous. O

Remark 4.9.1. Notice that a sufficient condition for the preservation of the property mp,
and thus the completeness property (pt), in any expansion of the calculus %, by non-
nullary rules is that, for any of the new rules, say r, its lifted version rP* is derivable in

the expanded calculus.

According to Rautenberg |11, p. 332|, the fragment By | is axiomatized by merging
the calculi £

after this combination. This preservation, according to the author, occurs because the

ot and A, as presented below, because my and thus d,. are preserved

particular case of mp in which B = L holds for the resulting calculus. We highlight here
that, although we see how this specialization implies mp, we could not verify this result

and so a further investigation is necessary for this specific case.

Hilbert Calculus 25. %, |
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B, B,

pt

The expansions By 1 and By | 7 are directly axiomatized, respectively, by the calculi

below, in view of Corollary 2.8.4.1.

Hilbert Calculus 26. %, +

<@pt <@T

Hilbert Calculus 27. % | +

B, B

pt,

410 By

We now deal with the fragment on the language containing only the connectives pt
and —. The candidate calculus extends %, presented in Section 4.9, by adding the rule

of explosion and some interaction rules.

Hilbert Calculus 28. %,

B o
- B -A,B -A,B
A A, TPHABCO) o pteABC) L PHOABC)
B pt(—|A, B, C) ﬁpt(A, B, C) pt(A, -B, C)
The axiomatization above differs from the one presented in [11|, which consists in

merging the calculi %, and %_, plus rules ptn; and ptn,. Besides having one less rule,
our calculus eases the derivation of the rules necessary to prove completeness. We proceed

now by showing that %, , is sound with respect to By -.

Theorem 4.10.1. The calculus e@ptﬁ is sound with respect to the matriz 2 .
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Proof. We know from Theorem 4.8.1 and Theorem 4.9.1 that n; and the rules of %, are
sound with respect to 25 .. Now, let v be some 2 -valuation. For ptn;, suppose that

v(=pt(A,B,C)) =1, then v(pt(A,B,C)) = 0 and we can consider the following cases:
e if v(A) = 0, v(B) = 0 and v(C) = 0, then v(=A) = 1 and v(pt(—A,B,C)) =
pt¥= (v(=A), v(B),v(C)) = pt?*t-(1,0,0) = 1.

e if v(A) = 1, v(B) = 1 and v(C) = 0, then v(=A) = 0 and v(pt(—A,B,C)) =
pt¥t=(v(=A), v(B),v(C)) = pt?=(0,1,0) = 1.

e if u(A) = 1, v(B) = 0 and v(C) = 1, then v(=A) = 0 and v(pt(—A,B,C)) =
pt¥t-(v(=A), v(B),v(C)) = pt?=(0,0,1) = 1.

e if u(A) =0, v(B) = 1 and v(C) = 1, then v(=A) = 1 and v(pt(—-A,B,C)) =
pt¥t= (v(=A), v(B),v(C)) = pt?t-(1,1,1) = 1.
For ptn,, suppose that v(pt(—A, B, C)) = 1 and consider the following cases:
o if v(-A) = 1, v(B) = 1 and v(C) = 1, then v(A) = 0 and v(pt(A,B,C)) =
pt¥~(v(A),v(B),v(C)) = pt*+~(0,1,1) = 0, whose negation gives 1.

o if v(-A) = 1, v(B) = 0 and v(C) = 0, then v(A) = 0 and v(pt(A,B,C)) =
pt¥~(v(A), v(B),v(C)) = pt*+~(0,0,0) = 0, whose negation gives 1.

e if v(-A) = 0, v(B) = 0 and v(C) = 1, then v(A) = 1 and v(pt(A,B,C)) =
pt¥~(v(A),v(B),v(C)) = pt*+~(1,0,1) = 0, whose negation gives 1.

e if (-A) = 0, v(B) = 1 and v(C) = 0, then v(A) = 1 and v(pt(A,B,C)) =
pt¥t~(v(A),v(B),v(C)) = pt*+~(1,1,0) = 0, whose negation gives 1.
Finally, for ptns, suppose that v(pt(—A,B,C)) = 1 and consider the following cases:
e if v(-A) = 1, v(B) = 1 and v(C) = 1, then v(A) = 0 and v(=B) = 0, so
v(pt(A, =B, C)) = pt¥~(v(A),v(-B), v(C)) = pt*~(0,0,1) = 1;

o if v(=A) = 1, v(B) = 0 and v(C) = 0, then v(A) = 0 and v(-B) = 1, so
v(pt(A, =B, C)) = pt*~(v(A), v(=B), v(C)) = pt**(0,1,0) = 1;

e if v(-A) = 0, v(B) = 1 and v(C) = 0, then v(A) = 1 and v(=B) = 0, so
v(pt(A, -B, C)) = pt*»~(v(A),v(=B),v(C)) = pt*~(1,0,0) = 1;
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o if v(—|A) 0, v(B) = 0 and v(C) = 1, then v(A) = 1 and v(=B) = 1, so
v(pt(A, =B, C)) = pt*~(v(A),v(—-B),v(C)) = pt*~(1,1,1) = 1.

]

The next result presents the derivation of the negated versions of some rules of %,
(same premisses and conclusions, but with a negation in front), which will be very useful
in proving the pt-lifted versions of the rules n; and ptn;, for each 1 <i < 3, the necessary
ingredients to guarantee that the completeness property (pt) holds in %, -, according to

Remark 4.9.1.

Lemma 4.10.2. The following rules are derivable in By _:
—pt(A, B, C)
—'pt(B, A, C)
-pt(A, B, C)
—-pt(A, C, B)

-

=

pt;

]
©
—+
>
=
©
=
a
o
EE

pte
—pt(pt(A, B C)
—pt(A, B, pt(C,D E)
pt(C,D,A) pt(C,D,—-A)
pt(C, D, B)
pt(D, E, —pt(A,B,C
pt(D, E, pt(—A, B, C

( )
( )
pt(D, E, pt(—A, B, C))
ot(D, E, —pt(A, B, C)) P
( )
( )

pt;

)
)
 E)
)

pt(D, E, pt(—A, B, C
pt(D, E, pt(A,-B, C

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

e pt,

theorem pto_neg {a b c : Prop} (h; : neg (pt abc)) :neg (ptbac):
have hy : pt (neg a) b ¢, from ptn; hy,
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have h3 : pt a (neg b) ¢, from ptng hy,
have hy : pt (neg b) a ¢, from pt.pts hs,
show neg (pt b a c), from ptns hy

e pty

theorem pts_neg {a b c : Prop} (hy : neg (pt ab c)) : neg (pt a c b) :=
have hy : pt (neg a) b ¢, from ptn; hy,
have h3 : pt (neg a) c b, from pt.pts ha,
show neg (pt a ¢ b), from ptny h3

e pt,

theorem pty_neg {a b : Prop} (h; : neg a) : neg (pt ab b) :=
have hy : pt (neg a) b b, from pt.pty4 hy,
show neg (pt a b b), from ptny hy

e pty

theorem pts_neg {a b : Prop} (h; : neg (pt ab b)) : neg a :=
have hy : pt (neg a) b b, from ptn; hy,
show neg a, from pt.pts ho

e ptg

theorem ptg_neg {a b cde:Prop} (h; :neg (pt ab (pt cde))) :neg (pt (ptabc)de) =
have hy : pt (neg a) b (pt ¢ d e), from ptnj hy,
have h3 : pt (pt (neg a) b c) d e, from pt.ptg ho,
have hy : pt d e (pt (neg a) b ¢), from pt.pt3 (pt.pta h3),
have h; : pt (pt d e (neg a)) b ¢, from pt.pts hy,
have hg : pt b ¢ (pt d e (neg a)), from pt.pts (pt.pts hs),
have hy : pt b ¢ (pt (neg a) d e), from pt.pta_ast (pt.pts_ast hg),
have hg : pt (pt (neg a) d e) b ¢, from pt.pty (pt.pts hy),
have hg : pt (neg a) d (pt e b ¢), from pt.pty hg,
have hjo : neg (pt ad (pt e b ¢)), from ptny hy,
have hj; : neg (pt d a (pt e b ¢)), from pta_neg hyy,
have hjo : pt (neg d) a (pt e b ¢), from ptn; hyq,
have h;3 : pt (pt (neg d) a e) b ¢, from pt.ptg hia,
have hy4 : pt b c (pt (neg d) a e), from pt.pts (pt.pt2 hi3),

have h;5 : pt b ¢ (pt a (neg d) e), from pt.pto_ast hyy,




have hig :
have h;7:
have hig

have hqg

pt (pt b ¢ a) (neg d) e, from pt.ptg his,
pt (

:pt (neg d) e (pt a b c), from pt.pta_ast (pt.pts_ast hy7),
:neg (pt d e (pt abc)), from ptny hyg,
show neg (pt (pt ab c) d e), from pto_neg (pts_neg hig)

neg d) e (pt b ¢ a), from pt.pt3 (pt.pt2 hig),
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e pt;

have hyg
have hyy
have hqo
have hy3

have hyyg

have hs : neg
have h3 : neg
have hy4 : neg
have hs : neg
have hg : neg
have h7 : neg
have hg : neg
have hg : neg
i neg
: neg
: neg

: neg

theorem pt7_neg {ab cde:Prop} (h :neg (pt (pt abc)de)) :neg (pt ab (ptcde))

ptd (pt abc)e), from pto_neg hy,
ptde (pt abc)), from pt3_neg ho,
pt (pt de a) b ¢), from ptg_neg hg,
)

pt b (pt d e a) c), from pto_neg hy,
pt bc (pt d e a)), from pt3_neg hs,
pt (pt b cd) e a), from pts_neg hg,

pt e (pt bc d) a), from pto_neg hr,

o~ o~ o~ o~ o~ o~ o~ o~

pt ea (pt bcd)), from pt3_neg hg,
pt (pt e ab) c d), from ptg_neg hy,
ptc(pteab)d

)
), from pto_neg hyq,
pt cd (pt e ab)), from pt3_neg hjq,
)

o~ o~ o~ o~

pt (pt cde) ab), from ptg_neg hjo,

: neg (pt a (pt c d e) b), from pto_neg hy3,
show neg (pt a b (pt ¢ d e)), from pts_neg hiy

t
o n!

have hg
have hy

have hjy

theoremn;_pt {abcd:Prop} (h;:ptcda) (hy:ptcd(nega)):ptcdb:=

:pt acd, from pt.pte (pt.pts h1),
: pt (neg a) c 4, from pt.pts (pt.pts ha),
: neg (pt a ¢ d), from ptns hy,

show pt ¢ d b, from n; h3 hy

° ptnfft

:ptde
have hy
have hg
have hy

have hj

have hg

theorem ptn;_pt {ab cde:Prop} (h; : pt d e (neg (pt abc)))

(pt (neg a) bc) :=

: pt (neg (pt abc)) d e, from pt.pty (pt.pts hy),

:neg (pt (pt abc)de), from ptny hy,
:neg (pt ab (pt c d e)), from pty_neg hs,
:pt (neg a) b (pt ¢ d e), from ptny hy,

: pt (pt (neg a) b c) d e, from pt.ptg hs,




show pt d e (pt (neg a) b c), from pt.pts (pt.pts hg)
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° ptngt

have ho
have hg
have hy
have hjy

have hg

theorem ptny_pt {a b cde:Prop} (h; : pt d e (pt (nega)bc))
:ptde (neg (ptabc)) =

: pt (pt (neg a) b c) de, from pt.pty (pt.pts hy),

: pt (neg a) b (pt c d e), from pt.pty ho,

:neg (pt ab (pt c de)), from ptny hj,

:neg (pt (pt abc) de), from ptg_neg hy,

: pt (neg (pt abc)) d e, from ptn; hs,

show pt d e (neg (pt a b c)), from pt.pt3 (pt.pts hg)

° ptngt

have hy
have hg
have hy
have hj
have hg
have hy

have hg

theorem ptnz_pt {ab cde:Prop} (h; : pt d e (neg (pt abc)))
:ptde (pt a(negh)c):=

: pt (neg (pt abc)) d e, from pt.pty (pt.pts hy),

:neg (pt (pt abc)de), from ptny hy,

:neg (pt ab (pt c d e)), from pty_neg hs,

:neg (pt ba (pt cde)), from pto_neg hy,

: pt (negb) a (pt c d e), from ptny hs,

: pt a (neg b) (pt c d e), from pt.pts hg,

: pt (pt a (neg b) c) d e, from pt.ptg hr,

show pt d e (pt a (neg b) c), from pt.pts (pt.pts hg)

Theorem 4.10.3. The calculus B - is complete with respect to the matriz 2y .

Proof. According to the procedure presented in Section 2.7, we need to prove that the com-

pleteness properties (—) and (pt) — introduced respectively in the proofs of Theorem 4.8.4
and Theorem 4.9.5 — hold in %, .. By Remark 4.9.1, the derivability of n{* and ptnf*, for

each 1 <i < 3, implies that properties my and (pt) hold in %, _.. Now, remember that the

completeness property for = is (=) =A € T iff A € I'", for a Z-maximal I'" D T', where
PU{Z} C L, and I' /5, Z. The left-to-right direction follows because of rule n;. The

converse is more involving and to prove it we work by contradiction: suppose that A ¢ I't

and —=A ¢ I'*. Then, by Corollary 2.6.1.1, (a): I'",A kg _ Z and (b): I'",-A k5 _ Z
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Since B, - has no tautologies, Lemma 2.6.2 allows us to take some B € I'". Hence, by (a),
(b) and my, we get I'" =5 pt(B,A,Z) and I'" k5 pt(B,2A,Z) (since ['" 5 7 is
not the case), yielding (c): I'" 5 _ pt(A,B,Z) and I'" -5 _ pt(—A, B,Z) by rule pts.
The latter consecution, by ptny, gives (d): T'* 4 _ —pt(A,B,Z). Thus, by rule ny, from
(c) and (d), we have I'* -5 7, an absurd. O

4.11 By

The classical connective dc may be defined from those in B by means of the translation
t(dc) = Ap,q,1.(p Aq) V (QAT) V (p Ar). An inspection of the truth table of dc* reveals
that dc?(z,y, 2) = 1 if, and only if, exactly two or all of the arguments z,y and z are 1.
The calculus presented below is a candidate axiomatization for the fragment By.. In the

sequel, we prove its soundness with respect to 24c.

Hilbert Calculus 29. %,

dc(F, G,dc(D, E,dc(A, B, C))
dc(F, G, dc(dc(D, E, A),dc(D, E,
dc(F, G,dc(de(D, E, A),dc(D, E,

dc(F, G,dc(D, E,dc(A, B, C))

Theorem 4.11.1. The calculus By, is sound with respect to the matrix 24.

Proof. Let v be a 24-valuation. For rule dcp, if v(A) = 1 and v(B) = 1, then
v(dc(A, B, C)) = dc®*<(v(A),v(B),v(C)) = dc**<(1,1,v(C)) = 1. For rule dcy, if v(A) = 0,
then v(dc(B, A, A)) = dc™(v(B),v(A),v(A)) = dc**(v(B),0,0) = 0. The argument for
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dcs is analogous to that for dc;. For rules dcg and dcs, it is enough to notice that permut-
ing the components of ad(A, B, C) does not change its value under v. Finally, for unary
rules dcg and dc; (one is the converse of the other), we can check that the two involved

formulas are logically equivalent considering t-5, and thus also in Fg, . O]

In what follows, if r is an nm-ary rule, with n € w, let rd, the dc-lifted version of
r, be the rule given by the set of instances (dc(C,D,A,),...,dc(C,D,A,),dc(C,D, B)),
where (Ay,...,A,,B) is an instance of r and C,D € L,. The next lemma presents the
derivability of some rules in A, including the dc-lifted versions of its primitive rules,

which lead to the completeness result with respect to 24., as we will see in the sequel.

Lemma 4.11.2. The following rules are derivable in PBy.:

dc(ABC
B,A,C

)
de(B, A, C)
dc(A, B, C)
dc(A, C,B)
de(D, E,dc(A, B, C))
dc(de(D, E, A),dc(D, E, B), C)
dc(de(D, E, A),dc(D, E,B), C)
de(D, E,dc(A, B, C))
de(D,E,A) de(D,E,B)
de(D,E,dc(A,B,C)) ¢
dc(C,D,dc(B, A, A))

dc,

dc

/
dcg

/
dcf

dCDA) 9
dc(C, D, A) dcde
dc(C,D,dc(B,A,A)) 3
dc(F, G,dc(D, E,dc(A, B, C))) dede
dc(F, G,dc(E,D,dc(B, A, C))) 4
dc(F, G,dc(D, E,dc(A, B, C))) deie
dc(F,G,dc(E,D,dc(A,C,B)))
dc(H, I,dc(F, G,dc(D, E,dc(A, B, C)))) dede
dc(H,T,dc(F, G,dc(de(D, E, A),dc(D, E,B),C))) ~°
dc(H,I,dc(F, G,dc(de(D, E, A),dc(D,E, B),C))) |
de(H, 1, de(F, G, de(D, E, de(A, B,C)))) 997

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

° dcf‘
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theorem dcy’ {a b ¢ : Prop} (hy :dcabc):dcbac:=
have hy : dc (dcbac) (dcabc) (dcabc), from dcg hy,
have hy : dc (dcabc) (dcbac) (dc b ac), from dey hg,

show dc b a ¢, from dcy hj

e dc;

theoremdcs’ {a b c:Prop} (hy:dcabc):dcach:=
have hy : dc (dc acb) (dcabc) (dc abc), from dcg hy,
have hg : dc (dcabc) (dc acb) (dc a c b), from dcs ho,

show dc a ¢ b, from dcs hg

° dC/6

theoremdcg’ {abcde:Prop} (hy:dcde(dcabc)):dc(dcdea)(dcdeb)c:=
let f:=dcde(dcabc),g:=dc(dcdea)(dcdeb)cin
have hy : dc g £ £, from dcs hy,
have hz : dc g £ g, from dcg ho,
have hy : dc f g g, from dcy’ hg,

show g, from dcy hy

e dc)

theorem dc;” {a b c d e : Prop}
(hy :dc (dcdea)(dcdeb)c):dcde (dcabc) =
let f:=dcde(dcabc),g:=dc(dcdea)(dcdeb)cin
have hy : dc f g g, from dcs hy,
have hz : dc £ g £, from dc7 ho,
have hy : dc g f £, from dcy’ hg,

show f, from dcg hy

o dce

theorem dcy_dc {abcde:Prop} (hy:dcdea)(hy:dcdeb):dcde(dcabc):=
have hy : dc (dc d e a) (dc d e b) ¢, from dcy hy ho,
show dc d e (dc a b ¢), from dc;’ hy

o dce
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theorem dco_dc {abcd:Prop} (hy :dccd(dcbaa)):dccda:=
have hy : dc d ¢ (dc a b a), from dcy hy,
have h3 : dc ¢ d (dc a a b), from dcj ha,
have hy : dc (dc c d a) (dc c d a) b, from dcg’ hg,
have hs : dc b (dc c d a) (dc c d a), from dcy’ (dcs’ hy),

show dc ¢ d a, from dcy hj

e dce

theorem dcz_dc {abcd:Prop} (h;j:dccda):dccd(dcbaa):=
have hy : dc b (dc c d a) (dc c d a), from dcg hy,
have hy : dc (dc c d a) (dc ¢ d a) b, from dc;s’ (dcs’ ho),
have hy : dc ¢ d (dc a a b), from dc;’ hg,
have hs : dc d ¢ (dc a b a), from dcj hy,
show dc ¢ d (dc b a a), from dcy hj

o dce

theorem dcy_dc {abcdef g:Prop} (hy :dcfg(dcde(dcabc))):
dcfg(dced(dcbac)):=
have hy : dc g f (dc e d (dc a b ¢)), from dcyg hy,
have hy : dc g f (dc (dc e d a) (dc e d b) ¢), from dcg ho,
have hy : dc f g (dc (dc e d b) (dc e d a) c¢), from dcy hg,
show dc f g (dc e d (dc b a ¢)), from dcy hy

o dci

theorem dcs_dc {abcdef g:Prop}(h; :dcfg(dcde (dcabc))):
dc fg(dced(dcach)) =
have hy :dc g £ (dc e d (dc a b ¢)), from dcy hy,
have hy :dc (dc g fe) (dcgf d) (
have hy :dc (dc gfd) (dcgf e) (
have hs : dc g £ (dc d e (dc a ¢ b)), from dcy’ hy,
show dc £ g (dc e d (dc a ¢ b)), from dcy hs

dc a b ¢), from dcg’ ha,

dc a ¢ b), from dcs hg,

e dci

theoremdcg_dc {abcdefghi:Prop}(hj:dchi(dcfg(dcde (dcabc))))
:dchi(dcfg(dc(dcdea)(dcdeb)c)) =
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have hy :dc (dchif) (dchig)(dcde (dcabc)), fromdcs’ hy,
have hy :dc (dchif) (dchig) (dc(dcdea)(dcdeb)c), from dcg ho,
showdch i (dc f g (dc (dcdea) (dcdeb)c)), fromde;’ hy

o dc¥e

theorem dcy_dc {abcdef ghi: Prop}
(hy :dchi(dcfg(dc(dcdea)(dcdeb)c))):
dchi(dcfg(dcde(dcabc))):=
have hy :dc (dchi f) (dchig) (dc (dc d e a) (dc d e b) c), from dcg’ hy,
have hg :dc (dchif) (dchig)(dcde (dcabc)), fromdcy ha,
showdchi(dcfg(dcde (dcabc))), from dcy hs

Lemma 4.11.3. The following property holds for 4,

forall TU{A,B,C,D} C L.
if ', CFg, DthenI',dc(A,B,C) gy, dc(A,B,D)

(myc)

Proof. Let 'U{A,B,C,D} C L, and suppose that I', C 4, D and that this is witnessed
by the n-long derivation Dy, ..., D, = D. Consider the property P(7) given by the conse-
cution I',dc(A, B, C) 4, dc(A, B, D;). Let us prove by induction on this derivation that
P(j) holds for all 1 < j < n, and P(n) will be the desired result. In the base case, there

are two possibilities:

e Dy = C, then trivially I', dc(A, B, C) k4, dc(A, B, C) by (R) and (M).

e D; €T, in which case we use the fact that from {dc(A, B, C),D} we get dc(A, B, D)
by the following deduction:

(1) dc(A,B,C) Assumption
(2) D Assumption
(3) dc(dc(A,B,C),D,dc(A,B,D)) 1,2dc

(4) dc(dc(A,B,C),dc(A,B,D),D) 3dcg

(5) dc(A,B,dc(C,D,D)) 4 dcf

(6) dc(A,B,D) 5 dcy°
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For the inductive step, suppose that P(j) holds for all 1 < j < k, where k£ > 1. Then, there
are three cases to consider regarding Dy: two of them are the same as in the base case,
while the other considers Dy, as a result from one of the m-ary rules of %,., say dc;, by the
instance (Dy,, ..., Dy, ,By), where k; < k, for all 1 <[ < m. By the inductive hypothesis,
the formulas dc(A, B, Dy, ), ...,dc(A, B, Dy, ) are all derivable from I'U{dc(A, B, C)}. Then
simply apply to such formulas the dc-lifted version of rule dc;, namely dc®, proved to be
derivable in Lemma 4.11.2, to obtain the desired dc(A, B, D) from I'U {dc(A,B,C)}. O

Theorem 4.11.4. The following property holds for 4, :

forall TU{A,B,C,D} C L,
if I,B s, DandT,C kg, D then T, dc(A,B,C) s, D

(6dC)

Proof. Let ' U{A,B,C,D} C L,  and suppose that I',B -4, D and I',C F4, D. By
Mac, we have (a): I',dc(A, D, B) Fg,. dc(A,D,D) and (b): I',dc(A, B, C) 4, dc(A, B, D).
From (a), by dcy, we get (a’): I',dc(A,D,B) Fg, D. From (b), by dcj, we get (b’):
I',dc(A, B, C) k4, dc(A, D, B). Finally, by (T) applied to (a’) and (b’), we get the desired
result I',dc(A, B, C) kg, D. O

Theorem 4.11.5. The calculus By, s complete with respect to the matriz 24c.

Proof. According to the procedure presented in Section 2.7, let I' U {Z} C L,  and take
the Z-maximal theory I't D T" via the Lindenbaum-Asser Lemma. The inspection of the

truth-table for dc in 24. reveals the completeness property that needs to be proved:

dc(A,B,C) eITiff AABel " orA,CeTl"orB,Cel". (dc)

From the left to the right, suppose that (a): I'" k4, dc(A, B, C). Proceed by contra-
diction: suppose first that A,B € I'", thus 't A 4, Z and I'", B b4, Z. Then, by dqc,
we get I'", dc(A, B, C) F4,. Z and, by (T) applied to the latter and (a), we get I't F4,_ Z,
a contradiction. The other two cases are analogous with the help of the permuting rules
dc, and dcg. Next, from the right to the left, we need to consider the three cases A, B € ',
A,CeT'" and B,C € I'". Suppose first that A, B € I'". Then, I'* 4, A and I't -4, B.
By rule dcy, I'" 4, dc(A, B, C). Suppose now that A,C € I'". Then, I'* 4, A and
't kg, C.Byruledcy, I'" kg, dc(A, C,B), and, by dcg, we get I't 4, dc(A, B, C). The
third case is similar, the only difference being the application of dcj and dcg, instead of

only the former. m
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Remark 4.11.1. Notice that a sufficient condition for the preservation of the property mqc,
and thus the completeness property (dc), in any expansion of the calculus %y, by non-
nullary rules is that, for any of the new rules, say r, its dc-lifted version rd° is derivable in

the expanded calculus.

412 B

The proposed calculus for the fragment By 4 is one of the most complex calculi present
in this work. Rautenberg, in [11], just indicated that adding rules dcpt; and dcpts (see
below) to the merging of %, and % is the path for finding the desired axiomatization,
without presenting the full calculus or any details about its completeness with respect to
2ot dc. Here, we have found that adding the converses of the mentioned rules (dcpt, and
dcpty below, respectively), together with the dc-lifted versions of dcpts and dcpty and the
pt-lifted versions of dcpts and dcptg are enough to complete the axiomatization suggested
by Rautenberg. See, in the sequel, the resulting calculus followed by the proof of soundness

with respect to 2y dc.

Hilbert Calculus 30. %, 4

'%pt '%dc
de(A,B,pt(C. D, ) .
pt(dc(A, B, C),dc(A, B, D), dc(A, B,E)) © Pt
pt(dc(A, B, C),de(A, B, D), de(A, B.F))
dc(A, B, pt(C, D, E)) PR
dc(pt(A, B, C), pt(A, B, D), pt(A, B, E)) “P°
dc(pt(A, B, C), pt(A,B,D), pt(A,B,E)) deot
pt(A, B, dc(C, D, E)) PH
de(F, G, de(pt(A, B, C), pt(A, B, D), pt(A, B, E))) * *°
de(F, G, de(pt(A, B, C),pt(A, B,D). pt(A, B.E)))
de(F, G, pt(A, B, dc(C, D, E))) P
pt(F, G, dc(A, B, pt(C, D, E))) deot
pt(F, G, pt(dc(A, B, C), dc(A, B, D), dc(A, B, E))) P
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pt(F, G, pt(dc(A, B, C), de(A, B, D), de(A, B, E))
pt(F, G, de(A, B, pt(C, D, E)))

dcptg

Theorem 4.12.1. The calculus By 4. is sound with respect to the matriz 2y 4c.

Proof. Let v be a 2, 4c-valuation. For dcpt;, consider the cases in which v assigns 1 to
dc(A, B, pt(C,D, E)):

e v(A) =1, v(B) = 1: these assignments to A and B cause v(dc(A, B, -)) = 1, thus v
assigns 1 to pt(dc(A, B, C),dc(A, B, D), dc(A, B, E)).

e v(A) = 1, v(B) = 0 and v(pt(C,D,E)) = 1: the assignment v(pt(C,D,E)) = 1
means that all of the formulas C, D and E are assigned the value 1 or only one
of them. In the first case, we will have v(dc(A,B,C)) = 1, v(dc(A,B,D)) =1
and v(dc(A,B,E)) = 1, so the conclusion gets the value 1 under v. In the other

case, only one of those formulas are assigned to 1 under v, what also makes
v(pt(de(A, B, C), dc(A, B, D), de(A, B, E))) = 1.

e v(A) =0, v(B) =1 and v(pt(C,D,E)) = 1: similar to the previous case.

For rule dcpty, suppose that v assigns 0 to dc(A, B, pt(C,D,E)) and consider the cases
that leads to this. A reasoning dual to the one used previously shows that the premiss of
dcpt, is always evaluated to 0 under this condition. For rule dcpts, suppose that v assigns

1 to pt(A, B,dc(C, D, E)). Then we have the following cases to consider:

e v(A) =1, v(B) = 0 and v(dc(C,D,E)) = 0: from v(dc(C,D,E)) = 0 we have the

cases

— v(C) =0, v(D) = 0 and v(E) = 0: since v(A) = 1 and v(B) = 0, we have
v(pt(A,B,C)) =1, v(pt(A,B,D)) = 1, v(pt(A,B,E)) = 1, so v also assigns 1
to the conclusion.

—v(C) =1, v(D) = 0 and v(E) = 0: since v(A) = 1 and v(B) = 0, we have
v(pt(A,B,C)) = 1, while v(pt(A,B,D)) = 0, v(pt(A,B,E)) = 0, so v also
assigns 1 to the conclusion.

— v(C)=0,v(D)=1and v(E) =0, or v(C) =0, v(D) = 0 and v(E) = 1: similar

to the previous case.

e v(A) =0, v(B) =1 and v(dc(C,D, E)) = 0: analogous to the case above.
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e v(A) =0, v(B) =0 and v(dc(C,D,E)) = 1: in view of v(dc(C,D,E)) = 1, consider

the cases

—v(C) = 1, v(D) = 1 and v(E) = 1: since v(A) = v(B) = 0, we have
v(pt(A,B,C)) = 1, v(pt(A,B,D)) = 1, v(pt(A,B,E)) = 1, so the conclusion

gets the value 1 under v.

—v(C) = 1, v(D) = 1 and v(E) = 0: since v(A) = v(B) = 0, we have
v(pt(A,B,C)) = 1, v(pt(A,B,D)) = 1, v(pt(A,B,E)) = 0, so the conclusion

gets the value 1 under v.

—v(C) =0,vD) =1and v(E) =1, or v(C) = 1, v(D) = 0 and v(E) = 1:

analogous to the previous case.

e v(A)=1,v(B)=1and v(de(C,D, E)) = 1: analogous to the case above.

For dcpty, assume that v assigns 0 to pt(A, B,dc(C, D, E)) and proceed similarly to the
previous proof, but considering the four cases that emerge from this assumption, in order
to show that the premiss is always assigned the value 0 under v. The soundness of the

remaining rules follows from the previous ones and the fact that if we have v(Q) = v(Q’),

then v(#(A, B, Q)) = v(#(A, B, Q’)), for some ternary connective #. O

The primitive rules of the proposed calculus allow us to derive their pt- and dc-lifted
versions, which are what we need to prove the completeness of % 4. with respect to

2ot de- The lemma below presents such derivations together with some auxiliar rules.

Lemma 4.12.2. The following rules are deriwable in By -

dc(D,E,A) dc(D,E,B) dc(D,E,C) e
dc(D, E, pt(A, B, C)) Ph

de(D, E, pt(A, B, C)

( ) tdc
dc(D, E, pt(B, A, C)) P2
de(D, E, pt(A, B, C)) e
de(D, E, pt(A, C, B)) 3

dc(C,D,A) .
ptg

dc(C, D, pt(A, B, B))
dc(C, D, pt(A, B, B))
dc(C,D, A)
de(F, G, pt(A, B, pt(C, D, E)))
dc(F, G, pt(pt(A,B,C),D,E))

pts©

ptg©



de(F, G, pt(pt(A, B, C), D, E))

dc
dc(F, G, pt(A, B, pt(C, D, E))) P
pt(D,E,A) pt(D,E,B) 4
pt(D, E,dc(A, B,C)) 71
pt(C,D,dc(B, A, A)) ot
pt(C,D, A) 2
pt(CaDaA) dcpt
pt(C, D, dc(B, A, A))
pt(F, G, dc(D, E,de(A, B,C))) .
dc,
pt(F, G, dc(E, D, dc(B, A, C)))
pt(F, G,dc(D, E,dc(A, B, C))) ot
deg
pt(F,G,dc(E, D, dc(A, C, B)))
dc(H,I,dc(F, G, pt(A, B,dc(C,D,E)))) deotde
dc(H, I, de(F, G, de(pt(A, B, C), pt(A, B, D), pt(A, B, B)))) °P's
de(H, I, de(F, G, de(pt(A, B, C), pt(A, B, D), pt(A, B, E)))) "
de(H, T,de(F, G, pt(A, B,dc(C, D, E)))) P
pt(HaLdC(FvGadC(DaEde(AvB’C»)) d pt
pt(H, I, dc(F, G, de(de(D, E, A), de(D, E, B), C))) “@
pt(H, I, dc(F, G, dc(de(D, E, A), de(D, E, B), C))) 1
pt(H, I, dc(F, G, de(D, E, de(A, B, 0)))) “
pt(D, E, pt(A, B, C)) /Pt
pt(D, E,dc(B, A, C)) ““*
pt(D7 E> dC(A7 B, C)) /pt
pt(D, E,dc(A, C, B)) “°5
pt(F7 G> dC(D7 E7 dC<A7 B7 C))) dc/pt
pt(F,G,dc(de(D, E, A),dc(D, E, B),C)) = 6
pt(F, G,dc(dc(D, E, A),dc(D, E, B), C)) 4ot
pt(F, G, dc(D, E, dc(A, B, C))) ’
pt(F, G, dc(A, B, pt(C, D, E))) o
pt(F, G, pt(de(A, B, C),dc(A, B, D), dc(A, B, E))) 1
pt(F, G, pt(dc(A, B, C),dc(A, B, D), dc(A, B, E))) deot?
pt(F, G, dc(A, B, pt(C, D, E))) P
pt(F, G, pt(A, B, dc(C, D, E))) o
pt(F, G, dc(pt(A, B, C), pt(A, B, D), pt(A, B, E))) "=
pt(F, G, dc(pt(A, B, C),pt(A,B,D), pt(A, B, E))) deot®
pt(F, G, pt(A, B, dc(C, D, E))) Pta
pt(H,1,dc(F, G, pt(A, B,dc(C, D, E)))) dept?
5

pt(HL, I, d(F, G, de(pt(A, B, C), pt(A, B, D), pt(A, B, E))))

118



119

pt(H, I, dc(F, G, dc(pt(A, B, C), pt(A, B, D), pt(A, B, E))))
pt(H,I,dc(F, G, pt(A, B,dc(C, D, E))))
pt(H, L, pt(F, G,dc(A, B, pt(C, D, E))))
pt(H, I, pt(F, G, pt(dc(A, B, C),dc(A, B,D),dc(A, B, E))))
(A,B
)

pt(H, I, pt(F, G, pt(dc(A, B, C),dc(A, B, D), dc
pt(H, I, pt(F, G,dc(A, B, pt(C, D, E))
dc(F, G,dc(A, B, pt(C,D, E)))

dc(F, G, pt(dc(A, B, C),dc(A, B, D),dc(A, B, E)))

dc(F, G, pt(dc(A, B, C),dc(A, B,D),dc(A, B, E))) de
dc(F, G, dc(A, B, pt(C, D, E)))
de(F, G, pt(A, B, dc(C, D, E)))

de(F, G, de(pt(A, B, C), pt(A, B, D), pt(A, B, F)))

de(F, G, dc(pt(A, B, C), pt(A, B, D), pt(A, B
dc(F, G, pt(A, B,dc(C, D, E)))

dc(H, I, pt(F, G, dc(A, B, pt(C, D, E)))) deptée
de(IL T, pt(F, G, pt(de(A, B, C), de(A, B, D), de(A, B, B)))) “PY7
dec(H, I, pt(F, G, pt(dc(A, B, C),dc(A, B, D), dc(A, B, E)))) deotde

de(HL, L, pt(F, G, de(A, B, pt(C, D, E)))) Pty

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

o pty°

theorem pt;_dc {abcde:Prop}(hy:dcdea)(hyg:dcdeb)(hg:dcdec)
:dcde (ptabc):= depte (pt.pt; hy hy hy)

° pt‘2jC

theorem pto_dc {abcde:Prop}(h;:dcde(ptabc)):dcde(ptbac):=
dcpts (pt.pta (depty hy))

o pt§e

theorem pty_dc {abcde:Prop} (hy:dcde (ptabc)):dcde (ptach):=
dcpta (pt.ptg (detl hl))

° ptge
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theorem pty_dc {abcd:Prop} (hy :dccda):dccd(ptabb):=
dcptsy (pt.ptq hy)

° ptgc

theorem pts_dc {abcd:Prop} (h;:dccd(ptabb)):dccda:=
pt.pts (detl hl)

° ptgC

theorem ptg_dc {abcdef g:Prop} (hy:dcfg(ptab(ptcde))):

dcfg(pt (ptabc)de):=

have hy : pt (dc f ga) (dcfgb) (dc f g (ptcde)),
from dcpt; hy,

have hy : pt (dcfga) (dcfghb) (pt (dcfgc)(dcfgd) (dc f ge)),
from dcpty ho,

have hy : pt (pt (dcfga)(dcfgb)(dcfgc)) (dcfgd) (dcfge),
from pt.pte hs,

have hs : pt (dc fgd) (dcfge) (pt (dcfga)(dcfghb) (dc f g c)),
from pt.pts (pt.pta h4),

have hg : pt (dc £ gd) (dcfge) (dcf g (ptabc)),
from dcptg hs,

have hy : pt (dcf g(ptabc)) (dc fgd) (dc f ge),
from pt.pts (pt.pts hs),

show dc f g (pt (pt ab c) d e), from dcpts hy

° ptgc

theorem pt7_dc {abcdef g:Prop}
(hy :dcfg(pt (ptabc)de)):
dcfg(ptab(ptcde)):=
have hyp : dc £ g (pt d (pt ab c¢) e), from pto_dc hy,
have hy : dc f g (pt d e (pt a b ¢)), from pt3z_dc hs,
have hy : dc £ g (pt (pt d e a) b ¢), from ptg_dc hs,
have hs : dc £ g (pt b (pt d e a) ¢), from pto_dc hy,

have hy : dc £ g (pt (pt b c d) e a), from ptg_dc hg,

(

(

(

have hg : dc f g (pt b c (pt d e a)), from pts_dc hs,

(

have hg : dc £ g (pt e (pt b c d) a), from pty_dc hy,
(

have hg : dc £ g (pt e a (pt b ¢ d)), from pt3_dc hs,

have hjg : dc £ g (pt (pt e a b) ¢ d), from ptg_dc hg,
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have hy; : dc f g (pt ¢ (pt e a b) d), from pte_dc hyy,
have hyo : dc £ g (pt ¢ d (pt e a b)), from pt3_dc hyq,
have hyj3 :dc f g (pt (pt c d e) ab), from ptg_dc hia,
have hjy : dc £ g (pt a (pt ¢ d e) b), from pta_dc hys,
show dc f g (pt ab (pt cde)), from pt3_dc hiy

t
° dCE

theorem dc;_pt {abcde:Prop} (hj:ptdea) (hy:ptdeb):ptde(dcabc):=
have hs : dc (pt d e a) (pt deb) (pt d e c), from dc.dcy h; ho,
show pt d e (dc a b ¢), from dcpty hg

t
° dcg

theorem dco_pt {abcd:Prop} (hy :ptcd(dcbaa)):ptcda:=
dc.dcy (depts hy)

° dcgt

theorem dcs_pt {a b c d: Prop} (hy :ptcda):ptcd(dcbaa):=
dcpty (dec.des hy)

pt
e dc,

theoremdcy_pt {abcdefg:Prop}(hy:ptfg(dcde (dcabc))):
ptfg(dced (dcbac)) =
have hy : dc (pt £ gd

) (ptfge
have hy : dc (pt £ g d)
)

) (
ptfge)(
) (

( pt £ g (dc abc)), from depts hy,
(

(pt fgd

(

dc (pt fga) (pt £gb) (pt £ gc)), from decpts ho,
dc (pt £gb) (pt £ ga) (pt £ gc)), from dc.dcy hg,
have hs :dc (pt £ ge) (pt £ gd) (pt £ g (dcbac)), from deptg hy,

have hy : dc (pt fge

show pt £ g (dc e d (dc b a ¢)), from dcpty by

t
° dc‘5’

theorem dcs_pt {abcdef g:Prop} (hy :ptfg(dcde(dcabc))):
ptfg(dced(dcach)):=
have hy : dc (pt £ gd) (pt £ ge) (pt £ g (dcabc)), from depts hy,

(
have hg : dc (pt f gd) (ptfge) (dc (pt fga) (pt £gb) (pt fgc)), from decpts ho,
havehy :dc (pt fge) (ptfgd) (dc (ptfga) (ptfgc) (ptfgh)), from dc.dcs hs,
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have hs : dc (pt f ge) (pt £ gd) (pt £ g (dc a c b)), from dcptg hy,
show pt £ g (dc e d (dc a ¢ b)), from dcpty hs

dcpte

theorem dcpts_dc {abcdef ghi:Prop} (h;:dchi(dcfg(ptab(dccde)))):
dchi(dcfg(dc(ptabc)(ptabd) (ptabe))):=
dc.dcy’ (depts (de.deg’ hy))

dc
deptg

theorem dcptg_dc {abcdef ghi: Prop}
(hy :dchi(dcfg(dc(ptabc)(ptabd) (ptabe)))):
dchi(dcfg(ptab(dccde))) =
dc.dcy’ (deptg (de.deg’ hy))

pt
dcg

theorem dcg_pt {abcdef ghi: Prop}
(hy :pthi(dcfg(dcde(dcabc)))):pthi(dcfg(dc(dcdea)(dcdebd)c)):
letf':=pthif,g:=pthig,d:=pthid,e:=pthiein

have hy : dc £’ g’ (pt hi (dc d e (dc a b c))),
from dcpts hy,

have hy :dc f' g’ (dc d’ e’ (pt h i (dc a b c))),
from dcpts ha,

have hy :dc (dc £ g’ d’) (dc £’ g’ ¢’) ((pt h i (dc a b ¢))),
from dc.dcg’ hgs,

have hy :dc (dc 7 g’ d’) (dc £’ g’ e’) (dc (pthia) (pthib) (pthic)),
from dcpts hy,

have hg : dc £’ g’ (dcd’ e’ (dc (pthia) (pthib) (pthic))),
from dc.dcy’ hs,

have hy :dc f' g’ (dc (dcd’ e’ (pthia)) (dcd e (pthib)) (pthic)),
from dc.dcg hg,

have hg : dc g’ f' (dc (dcd’ e’ (pthia)) (pthic)(dcd e (pthib))),
from dc.dcs hy,

have hg :dc g’ f’ (dc (dcd’ e’ (pthia)) (pthic) (pthi(dcdeb))),
from dcpte_dc hg,

have h1g:dc g’ £ (dc (pthic) (pthi(dcdeb)) (dcd e (pthia))),
from dec.dcs (de.dey hy),

have hyj; :dc g’ £ (dc (pthic) (pthi(dcdeb)) (pthi(dcdea))),
from dcpte_dc hjg,




have hys :dc £’ g’ (dc (pthi(dcdea)) (pthi(dcdebd)) (pthic)),
from dc.dcs (de.dcy (de.des hyq)),

have hyj3 :dc £’ g’ (pt hi (dc (dc d e a) (dc d e b) ¢)),
from dcpte hio,

showpt hi (dc f g (dc (dc d e a) (dc d e b) ¢)),
from dcpty hi3
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t
e dcb

theoremdcy_pt {abcdef ghi:Prop}

letf’:=pthif,g:=pthig,d:=pthid,e:=pthiein

have hy : dc £’ g’ (pt hi (dc (dc d e a) (dc d e b) ¢)),
from dcpts hy,

have hy:dc £’ g’ (dc (pthi(dcdea)) (pthi(dcdeb)) (pthic)),
from dcpts ha,

have hy :dc g’ f' (dc (pthi(dcdea)) (pthic)(pthi(dcdeb))),
from dc.dcs hs,

have hy :dc g’ £’ (dc (pthi(dcdea)) (pthic)(dcd e (pthib))),
from dcpts_dc hy,

have hg :dc g’ £’ (dc (pthic)(dcd’ e (pthib)) (pthi(dcdea))),
from dc.dc; (dc.dey hs),

have hy :dc g’ £’ (dc (pthic)(dcd e (pthib)) (dcd e’ (pthia))),
from dcpts_dc hg,

have hg : dc f g’ (dc (dcd’ e’ (pthia))(dcd’ e (pthib)) (pthic)),
from dc.dc; (dc.dey (de.dey hy)),

have hg :dc f' g’ (dcd’ e’ (dc (pthia) (pthib) (pthic))),
from dc.dcy hg,

have hig:dc £ g’ (dcd’ ¢’ (pt h i (dc a b ¢))),
from dcpte_dc hyg,

have hyj; :dc £’ g’ (pt hi(dcde (dcabc))),
from dcptg hio,

showpt hi(dc f g (dcde (dcabc))),
from dcpty hig

(hy :pthi(dcfg(dc(dcdea)(dcdeb)c))):pthi(dcfg(dcde(dcabc))):

t
o dc’}

theorem dcy’_pt {abcde:Prop} (h;:ptde(dcabc)):ptde(dcbac):=
have hy :pt de (dc (dcbac) (dcabc) (dc abc)), from dcg_pt hy,
have hy :pt de (dc (dcabc) (dcbac) (dcbac)), from dcy_pt hy,
show pt d e (dc b a ¢), from dca_pt hj
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/pt
o dc’t

theorem dcs’_pt {abcde:Prop} (h;:ptde(dcabc)):ptde(dcach):=
have hy : pt d e (dc (dc acb) (dc abc) (dc ab c)), from dcg_pt hy,
have hy : pt d e (dc (dc abc) (dc a ¢ b) (dc a ¢ b)), from dcs_pt hg,
show pt d e (dc a ¢ b), from dca_pt hj

t
° dclg

theorem dcg’_pt {abcdef g: Prop}
(hy :ptfg(dcde(dcabc))):ptfg(dc(dcdea)(dcdeb)c):=
leth:=dcde(dcabc),i:=dc(dcdea)(dcdeb)cin
have hy : pt £ g (dc i h h), from dc3_pt hy,
have hy : pt f g (dc i h i), from dcg_pt ha,
have hy : pt £ g (dch i i), from dcy’_pt hg,
show pt £ g i, from dca_pt hy

t
e dc’b

theorem dc;’_pt {abcdef g: Prop}
(hy :ptfg(dc(dcdea)(dcdeb)c)):ptfg(dcde(dcabc)):=
leth:=dcde(dcabc),i:=dc(dcdea)(dcdeb)cin
have hyp : pt £ g (dc h i i), from dc3z_pt hy,
have hg : pt £ g (dc h i h), from dcy_pt ha,
have hy : pt £ g (dc i h h), from dcy’_pt hg,
show pt £ g h, from dca_pt hy

e dcpt{

theorem dcpty_dc {abcdef g:Prop} (hy:dcfg(dcab(ptcde))):
dcfg(pt (dcabc)(dcabd)(dcabe)):=
leta’:=dcfga, b :=dcfghb,d:=dcabd,e:=dcabein
have h; : dc a2’ b’ (pt c d e),
from dec.dcg’ hy,
have hy : pt (dc @’ b’ c) (dc a’ b’ d) (dc a’ b’ e),
from dcpt; hy,
have hy : pt (dc a’b’ c) (dc a’ b’ d) (dc £ g &),
from dc7’_pt hg,
have hy : pt (dc @’ b’ ¢c) (dc f g e’) (dc a’ b’ d),
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from pt.pts hs,

have hs : pt (dca’ b’ c) (dc £ ge’) (dc £ g d),
from dc7’_pt hy,

have hg : pt (dc £ ge’) (dc £ gd’) (dc a’ b’ ¢),
from pt.pts (pt.pts hs),

have hy :pt (dc fge’) (dc £ gd’) (dc £ g (dc ab c)),
from dc7’_pt hg,

have hg : pt (dcf g (dcabc)) (dcfgd’) (dc f ge’),
from pt.pty (pt.pts (pt.pt2 hy)),

showdc £ g (pt (dcabc)d e),
from dcpts hg

e dcptye

theorem dcpty_dc {abcdef g:Prop} (h; :dcfg(pt(dcabc)(dcabd) (dcabe))):
dcfg(dcab(ptcde)) =
leta’:=dcfga,b:=dcfgb,d:=dcabd,e’:=dcabein
have hy :pt (dcfg(dcabc)) (dcfgd) (dcf ge’),
from dcpt; hy,
have hy :pt (dcfg(dcabc)) (dcfgd’) (dca’' b’ e),
from dcg’_pt ha,
have hy :pt (dcfg(dcabc)) (dca'b’ e) (dc f gd’),
from pt.pts hs,
have hs : pt (dc fg(dcabc)) (dca’'b’e) (dc a’ b’ d),
from dcg’_pt hy,
have hg : pt (dc a2’ b’ e) (dc a’ b’ d) (dc £ g (dc a b ¢)),
from pt.pts (pt.pts hs),
have hy : pt (dc a2’ b’ e) (dc a’ b’ d) (dc a’ b’ ¢),
from dcg’_pt hg,
have hg : pt (dc a’ b’ c) (dc a’ b’ d) (dc a’ b’ e),
from pt.pty (pt.pts (pt.pt2 hy)),
have hg : dc a’ b’ (pt c d e),
from dcpty hg,
show dc f g (dc a b (pt c d e)),

from dc.dc7’ hg

d
e dcpts5©

theorem dcptz_dc {abcdef g:Prop} (hy:dcfg(ptab(dccde))):
dc fg(dc (ptabec) (ptabd) (pt abe)):= dcpts hy
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d
e dcpt;©

theorem dcpty_dc {abcdef g:Prop} (h;:dcfg(dc(ptabc)(ptabd) (ptabe))):
dc f g (pt ab (dc c d e)) := dcptg hy

dc
e dcpt;

theorem dcpty_dc {abcdefghi:Prop}(h;:dchi(ptfg(dcab(ptcde)))):
dchi(ptfg(pt(dcabc)(dcabd) (dcabe))):=
let f’:=dchif,g :=dchig,a’:=dchia b :=dchibin

have hy : pt £ g’ (dch i (dc ab (pt c d e))),
from dcptq hy,

have hy : pt £’ g’ (dc a2’ b’ (pt c d e)),
from dcg’_pt hao,

have hy : pt £ g’ (pt (dc 2’ b’ c) (dc a’ b’ d) (dc a’ b’ e)),
from dcpty hgs,

have hy : pt (pt £ g’ (dc @’ b’ c)) (dc a’ b’ d) (dc a’ b’ e),
from pt.pte hy,

have hg : pt (pt £ g’ (dc a2’ b’ c)) (dc a’ b’ d) (dch i (dc a b e)),
from dc7’_pt hs,

have hy : pt (pt £ g’ (dca’b’c)) (dchi (dcabe)) (dc a’ b’ d),
from pt.pts hg,

have hg : pt (pt £ g’ (dca’b’c)) (dchi(dcabe)) (dchi (dcabd)),
from dc7’_pt hr,

have hg : pt £ g’ (pt (dca’b’c) (dchi(dcabe)) (dchi (dcabd))),
from pt.pt7 hg,

have hig:pt £ g’ (pt (dch i (dcabe)) (dchi(dcabd)) (dca' b’ c)),
from pt.ptz_ast (pt.pta_ast hy),

have hy; :pt (pt £ g’ (dchi(dcabe))) (dchi(dcabd)) (dca’ b’ c),
from pt.ptg hig,

have hio :pt (pt £ g’ (dchi(dcabe))) (dchi(dcabd)) (dchi (dcabc)),
from dc7’_pt hyq,

have hyj3 :pt £ g (pt (dchi(dcabe)) (dchi(dcabd)) (dchi (dcab c))),
from pt.pt7 hio,

have hi4 :pt £ g’ (pt (dchi(dcabc)) (dchi(dcabd)) (dchi(dcabe))),
from pt.pto_ast (pt.pts_ast (pt.pte_ast hj3)),

have hyj5 :pt £ g’ (dch i (pt (dcabc) (dcabd) (dc abe))),
from dcptg hig,

showdchi (ptfg(pt(dcabc)(dcabd) (dcabe))),
from dcpts hys

d
e dcptg”
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theorem dcptg_dc {abcdefghi: Prop}
(hy:dchi(ptfg(pt(dcabc)(dcabd) (dcabe)))):
dchi(ptfg(dcab(ptcde))):=
let f’:=dchif,g :=dchig,a’:=dchia,b:=dchibin
have hy : pt £ g’ (dch i (pt (dcabc) (dcabd) (dcabe))),
from dcpt; hy,
have hy :pt £ g’ (pt (dchi(dcabc)) (dchi(dcabd)) (dchi(dcabe))),
from dcptz ha,
have hy : pt (pt £ g’ (dchi(dcabc))) (dchi(dcabd)) (dchi(dcabe)),
from pt.pte hs,
have hy : pt (pt g’ (dchi(dcabc))) (dchi(dcabd)) (dca’ b’ e),
from dcg’_pt hy,
have hg : pt (pt £’ g’ (dchi(dcabc))) (dca’b e) (dchi (dcabd)),
from pt.pt3 hs,
have hy : pt (pt £ g’ (dchi(dcabc))) (dca’ b e) (dc a’ b’ d),
from dcg’_pt hg,
have hg : pt £ g’ (pt (dchi(dcabc)) (dca’'b’ e) (dc a’ b’ d)),
from pt.pty hr,
have hg : pt £’ g’ (pt (dc @’ b’ e) (dca’ b’ d) (dch i (dc ab c))),
from pt.pt3_pt (pt.pta_pt hg),
have hig : pt (pt £ g’ (dca’b’e)) (dca’b’d) (dch i (dc ab c)),
from pt.ptg ho,
have hy; : pt (pt £ g’ (dca’ b’ e)) (dc 2’ b’ d) (dc a’ b’ ¢),
from dcg’_pt hjo,
have hio : pt £ g’ (pt (dca’ b’ e) (dc a’ b’ d) (dc a’ b’ ¢)),
from pt.pt7 hiq,
have hy3 : pt £2 g’ (pt (dca’ b’ ¢c) (dc a’ b’ d) (dc a’ b’ e)),
from pt.pto_pt (pt.pts_pt (pt.pta_pt hisa)),
have hy4 : pt £’ g’ (dc a’ b’ (pt c d e)),
from dcptg his,
have hy5 :pt £ g’ (dch i (dcab (pt cde))),
from dc7’_pt hyy,
showdchi (pt f g (dcab (ptcde))),
from dcptg his

e dcptt”

theorem dcpty_pt {abcdef g:Prop} (h;:ptfg(dcab(ptcde))):
ptfg(pt (dcabc)(dcabd) (dcabe)):= dcpty hy
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o dcptht

theorem dcpto_pt {abcde f g:Prop} (h; :ptfg(pt(dcabe)(dcabd) (dcabe))):
pt fg(dcab (pt cde)):= dcptsg hy

° detgt

theorem dcpts_pt {abcde f g: Prop}
(hy:ptfg(ptab(dccde))):
ptfg(dc(ptabc)(ptabd) (ptabe)):=
leta :=ptfga,c’:=ptabc,d:=ptabd,e :=ptabein
have hy : pt 2’ b (dc ¢ d e), from pt.ptg hy,

have hy : dc (pt 2’ bc) (pt 2’ b d) (pt a’ b e), from dcpts ho,

have hy : dc (pt 2’ bc) (pt 2’ b d) (pt £ g e’), from pty_dc hs,

have hy : dc (pt @’ bc) (pt £ ge’) (pt @’ b d), from dc.dcs’ hy,

have hg : dc (pt @’ b c) (pt £ ge’) (pt £ g d’), from pty_dc hs,

have hy : dc (pt £ ge’) (pt £ gd’) (pt @’ b c), from dc.dcs’ (de.dcy’ hg),

have hg : dc (pt £ ge’) (pt £ gd’) (pt £ g ¢’), from pty_dc hy,

have hg : dc (pt £ g ¢’) (pt £ gd’) (pt £ ge’), from dc.dcy’ (dc.dcs’ (dec.decy’ hg)),

show pt £ g (dc ¢’ d’ ), from dcpty hy

e dcpth'

theorem dcpty_pt {abcdef g:Prop} (h; :ptfg(dc(ptabec)(ptabd) (ptabe))):
ptfg(ptab(dccde)):=
leta’:=ptfga,c’:=ptabec,d:=ptabd,e:=ptabein
have hy : dc (pt f gc’) (pt £ g (pt abd)) (pt £ ge’), from depts hy,

)

pt fg(ptabd)) (pt a’be), from ptg_dc ho,
a’be) (pt £ g (ptabd)), fromdc.dcs’ hs,

(
have hy : dc (pt £ g ¢’) (
(pt (
(pt @’ be) (pt a’ bd), from ptg_dc hy,
(pt (
(pt (
(pt

)

have hy :dc (pt £ gc

)

ta'bd) (pt £ gc’), from dc.dcs’ (dc.dey’ hy),

(
(
(
have hs : dc (pt f g ¢
( )
( t a’bd) (pt a’bc), from ptg_dc hg,
)

pta’be

)

)

)

have hg : dc (pt @’ b e)
have h7 : dc )
)

have hg : dc (pt 2’ b c) (pt 2’ b d) (pt a’ b e), from dc.dcy’ (dc.dcs’ (de.dcy’ hy)),
have hg : pt a’ b (dc ¢ d e), from dcpty hs,
show pt £ g (pt ab (dc c d e)), from pt.pty hyg

e dcptf’

theorem dcpts_pt {abcdefghi:Prop}(hy:pthi(dcfg(ptab(dccde)))):
pthi(dcfg(dc(ptabc)(ptabd) (ptabe))) =
let f':=pthif,g:=pthig,a :=pthia d:=ptabd,e:=ptabein



have hy : dc £’ g’ (pt h i (pt a b (dc c d e))),
from dcpts hy,

have hz : dc £’ g’ (pt 2’ b (dc ¢ d e)),
from pte_dc ha,

have hy : dc £’ g’ (dc (pt @’ bc) (pt 2’ b d) (pt 2’ b e)),
from dcpts hs,

have hs : dc (dc £’ g’ (pt a’bc)) (dc £ g’ (pt 2’ b d)) (pt 2’ b e),
from dc.dcg’ hy,

have hg : dc (dc £’ g’ (pt a’bc)) (dcf’ g (pt @’ b d)) (pt h i e’),
from pt7_dc hs,

have hy :dc £’ g’ (dc (pt a’bc) (pt a’bd) (pt h i e’)),
from dc.dc7’ hg,

have hg : dc g’ £’ (dc (pt @’ bc) (pt hie’) (pt a’ b d)),
from dc.dcs hy,

have hg : dc (dc g’ £’ (pt a’bc¢)) (dc g’ £’ (pt h i e’)) (pt a’ b d),
from dc.dcg’ hg,

have h1g:dc (dc g’ £’ (pta’'bc)) (dcg' £  (pthie’)) (pthid),
from pt7_dc hyg,

have hj; :dc g’ £ (dc (pta’bc) (pthie’) (pthid)),
from dc.dc7’ hig,

have h1o :dc g’ £’ (dc (pthie’) (pthid) (pta’bc)),
from dec.dcs (de.dcy hyq),

have hyjz :dc (dc g’ £  (pthie’)) (dcg £ (pthid)) (pta bc),
from dc.dcg’ hiog,

have hyy :dc (dc g’ £  (pthie’)) (dcg' £ (pthid)) (pthi(ptabc)),
from pt7y_dc h;3,

have hyj5 :dc g £  (dc (pthie’) (pthid) (pthi(ptabc))),
from dc.dc7’ hig,

have h1g :dc f' g’ (dc (pthi (ptabc)) (pthid) (pthie’)),
from dc.dcy (de.des (de.dey hys)),

have hy7 :dc £ g’ (pthi (dc (ptabc)d’ e’)),
from dcpte hig,

show pt hi (dc f g (dc (pt abc) d e)),
from dcpty hy7
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e dcptf’

theorem dcptg_pt {abcdef ghi: Prop}
(hy :pthi(dcfg(dc(ptabc)(ptabd) (ptabe)))):
pthi(dcfg(ptab(dccde))) =
letf :=pthif,g:=pthig,a:=pthiad:=ptabd e :=ptabein
have hg :dc £’ g’ (pt hi (dc (ptabc) d ),




from dcpts hy,

have hy :dc £ g’ (dc (pthi(ptabc)) (pthid) (pthie)),
from dcpts hs,

have hy :dc g’ £’ (dc (pthie’) (pthid) (pthi(ptabc))),
from dc.dcy (de.des (de.dey hs)),

have hs :dc (dc g’ £’ (pthie’)) (dcg £ (pthid)) (pthi(ptabc)),
from dc.dcg’ hy,

have hg:dc (dec g’ £’ (pthie’)) (dcg £ (pthid’)) (pta’ bc),
from pte_dc hs,

have hy :dc g’ £’ (dc (pthie’) (pthid) (pta’ bc)),
from dc.dcy’ hg,

have hg :dc g’ £’ (dc (pt a’bc) (pthie’) (pthid)),
from dec.dcy (de.des hy),

have hg : dc (dc g’ £’ (pt a’bc)) (dc g’ £ (pthie’)) (pthid),
from dc.dcg’ hg,

have hjg:dc (dc g’ £’ (pta’bc)) (dcg £ (pthie)) (pta’ bd),
from pte_dc hyg,

have hy; :dc g’ £’ (dc (pta’bc) (pthie’) (pt a’ bd)),
from dc.dcy’ hyg,

have hyjs :dc 7 g’ (dc (pta’bc) (pta’bd) (pt hie)),
from dc.dcs hyq,

have hyz:dc (dc f' g’ (pta’'bc)) (dcf' g (pta’'bd)) (pthie’),
from dc.dcg’ hyo,

have hyjy :dc (dc £ g’ (pta’bc)) (dcf’ g (pta’bd)) (pt a’ be),
from pte_dc h;3,

have hy5 :dc £’ g’ (dc (pt a’bc) (pt a’bd) (pt a’ be)),
from dc.dcy’ hyy,

have hjg : dc £’ g’ (pt @’ b (dc c d e)),
from dcptg his,

have hy7 :dc £’ g’ (pth i (pt ab (dc c d e))),
from pt7_dc hyg,

showpt hi(dc f g (ptab(dccde))),
from dcpty hi7
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e dcpt?

pthi(ptfg(pt(dcabc)(dcabd) (dcabe))) =

have hy : pt (pt hif) g (dcab (pt cde)), from pt.pts hy,

have hg : pt (pthif) g (pt (dcabc) (dcabd) (dcabe)), from depty ho,
showpt hi (ptfg(pt(dcabc)(dcabd) (dcabe))), from pt.pty hs

theorem dcpty_pt {abcdefghi:Prop}(h;:pthi(ptfg(dcab(ptcde)))):
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e dcpth’

theorem dcpts_pt {abcdefghi: Prop}
(hy :pthi(ptfg(pt(dcabc)(dcabd) (dcabe)))):
pthi(ptfg(dcab(ptcde))):=
have hy : pt (pthif)g(pt (dcabc)(dcabd) (dcabe)), from pt.pts hy,
have hy : pt (pt hif) g (dcab (pt cde)), from dcptg ho,
showpt hi (pt f g (dcab (ptcde))), from pt.pty hs

Theorem 4.12.3. The calculus By 4c s complete with respect to the matriz 2 gc.

Proof. Notice that rules dcjpt, pt’, and deptl®, where 1 <i<6,1<j<7and 1<k<8§,
are all provable in By, by Lemma 4.9.2 and Lemma 4.12.2. This fact implies that the
property mpy, and thus the completeness property (pt), hold in % 4., by Remark 4.9.1.
A similar argument justifies the preservation of the completeness property (dc), in view
of Remark 4.11.1: use the fact that rules pt?c, dcfc, and deptl®, where 1 <i<6,1<j<7

and 1 < k < 8, are all provable in % 4., by Lemma 4.11.2 and Lemma 4.12.2. n

4.13 Bdc,—|

We present now a calculus for the fragment containing in its signature only dc and
—. The purpose is to extend %y, with only two interaction rules, which are proved sound

with respect to 24, right after the presentation of %y . below.

Hilbert Calculus 31. %,

dc(C, D, dc(B, A, —-A)) d dc(C, D, B)
B dc(C, D, B) M 4e(C,D,de(B, A, —A))

den,

Theorem 4.13.1. The calculus By -, is sound with respect to the matriz 2q4c .

Proof. Let v be an arbitrary 24. -valuation. The soundness result for the rules of %4, was
already proved in Theorem 4.11.1. For dcny, suppose that v assigns 0 to its conclusion.

Then we have the following possibilities:
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e v(C) =1, v(D) =0 and v(B) = 0: since v(B) = 0, v(dc(B, A, —A)) = 0, no matter
the value of v(A), then v(dc(C,D,dc(B,A,—A))) =0.

e v(C) =0, v(D) =1 and v(B) = 0: analogous to the previous case.

e v(C) =0, v(D) =0 and v(B) = 1: since v(B) = 1, v(dc(B, A, —A)) = 1, no matter
the value of v(A), then v(dc(C, D, dc(B, A, —A))) = 0, because v(C) = v(D) = 0.

e v(C) =0, v(D) =0 and v(B) = 0: analogous to the previous case.

The proof for dcn, is similar by considering the cases in which dc(C, D, B) is evaluated to
1. O

We proceed now to derive some rules in %y -, that will be used in the completeness

proof of this calculus with respect to 24 .

Lemma 4.13.2. The following rules are derivable in $By. _,:
dc(E, F,dc(C, D, dc(B, A, —A))) de
de(E, F,dc(C, D, B)) M
dc(E, F,dc(C, D, B))
dc(E, F,dc(C,D,dc(B, A, —A)))

A -A
B

dc
dcn;

ni

B

dc(B, A, A den

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

e dcndc

theorem decn;_dc {abcde f:Prop} (h; :dcef (dc cd (dcb a (neg a))))
:dcef (dccdb):
have hy : dc (dc e f ¢) (dc e £ d) (dc b a (neg a)), from dc.dcg’ hy,
have hy : dc (dc e £ ¢) (dc e £ d) b, from dcny hs,
show dc e £ (dc ¢ d b), from dc.dc7’ hg

dc
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theorem dcny_dc {abcde f:Prop} (h; : dc e f (dc c d b))
:dcef (dc cd(dcba(nega))):=
have hy : dc (dc e f ¢) (dc e £ d) b, from dc.dcg’ hy,
have hy : dc (dc e £ ¢) (dc e £ d) (dc b a (neg a)), from dcny ho,
showdc e £ (dc ¢ d (dc b a (neg a))), from dc.dcy’ hg

® Ny

theoremn; {a b: Prop} (h; : a) (hy : nega):b:=
have hy : dc a (neg a) b, from dc.dcy hy ho,
have hs : dc (dc a (neg a) b) a b, from dc.dcy hg hy,
have hy : dc a b (dc a (neg a) b), from dc.dcs’ (dc.dcy’ hs),
have h; : dc ab (dc b a (neg a)), from dc.dcy (dc.des hy),
have hg : dc a b b, from dcn; hs,

show b, from dc.dcs hg

L4 dCﬂ3

theorem dcng {a b : Prop} (hy : b) : dc b a (neg a) :=

have hg : dc a b b, from dc.dc3 hy,

have hg : dc a b (dc b a (neg a)), from dcng ha,

have hy : dc (dc abb) (dc a b a) (neg a), from dc.dcg’ hs,
neg a) (dc abb) (dc a b a), from dc.dcy’ (dc.des’ hy),
neg a) (dc abb) (dc b a a), from dc.dc; (dc.dcy hs),

have hjy : dc
have hg : dc

neg a) a (dc a b b), from dc.dcs’ hy,

de (
dc (neg a)
have hy : dc (neg a) (dc a b b) a, from dc.dcy_dc hg,
have hg : dc ( )
de ( )

c
have hg : dc
show dc b a (neg a), from dc.dc;’ (dc.dcy’ (dc.des’ hy))

neg a) a b, from dc.dco_dc hg,

Theorem 4.13.3. The calculus By, is complete with respect to the matriz 2y ..

Proof. According to the procedure given in Section 2.7, we need to prove the complete-
ness properties (—) and (dc). Notice that the properties mqg. and dq4c hold in this calculus,
because the dc-lifted versions of the rules decn; and dcn, are derivable %y (see Re-
mark 4.11.1); therefore, (dc) also holds in %y, -, (check the proof of Theorem 4.11.5). In or-
der to finish this proof, the completeness property for -, namely (=) -A € TTiff A ¢ T'F,
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must be proved. The left-to-right direction is proved in the same way as in the proof of

completeness of the calculus %, since n; is derivable in %y .. From the right to the

left, the proof goes by contradiction: suppose that A,—A ¢ I'", so (a): ", A kg, 7Z
and (b): I'", 7A t-5, _ Z. Because 24 -, has no tautologies, Lemma 2.6.2 guarantees that
'™ is nonempty, so we can take some B € I'". Then, by d4c, from (a) and (b), we have
(c): I',dc(B,A,—A) kg, Z. We also have, by rule dcns, (d): B g, _ dc(B, A, -A).
So, by (T), from (c) and (d), we get I'",B Fg, _ Z, but B € I'", thus I'" k5, _ 7, a

contradiction. O

4.14 B/\,V7 B/\,\/,Ta B/\,v,b B/\,V,J_,T

The calculus 4%, for the fragment B, ., presented below, is produced by adding
to the calculus A, some rules of interaction that will guarantee the preservation of the

properties (A) and (V), necessary for completeness.

Hilbert Calculus 32. %, ,

CVA CvBcd CV (AAB) CV(AAB)
1 _— _—

#, CV(AAB) cva L Tayp o s

Theorem 4.14.1. The calculus A, is sound with respect to the matriz 2, .

Proof. Only soundness of cd;, where 1 <i < 3, remains to be proved. Let v be a 2, -
evaluation. Notice that, if v(C) = 1, premisses and conclusions of these rules will be
necessarily evaluated to 1. In case v(C) = 0, the argument is analogous to the one used

in the proof of soundness for &, (see Theorem 4.2.1). O

Lemma 4.14.2. The rules of %, are deriable in % .

Proof. The formally verified derivation of each rule is presented below, following what

was explained in Chapter 3.

® Ci

theorem ¢ {a b : Prop} (h; :a) (hy :b):and a b :=
have h3 : or (and a b) a, from or.d;’ hy,
have hy : or (and a b) b, from or.d;’ hy,

have h; : or (and a b) (and a b), from cd; hj hy,
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show and a b, from or.ds hjy

® Co

theorem c; {a b: Prop} (h; : and ab) : a :=
have hy : or a (and a b), from or.d;’ hy,
have hg : or a a, from cds hs,

show a, from or.ds hs

® C3

theorem c3 {a b : Prop} (h; :and ab):b:
have hy : or b (and a b), from or.d;’ hy,
have h3 : or b b, from cds ho,

show b, from or.ds hs

Theorem 4.14.3. The calculus %, ., is complete with respect to the matriz 2, .

Proof. Since the rules of %, are derivable in this calculus, as presented in Lemma 4.14.2,
the completeness property (A) holds in %, . In addition, because cd; = ¢, for all
1<i <3, cdiv’2 is derivable in the proposed calculus by Lemma 4.5.7, so the completeness

property (V) also follows (check the proof of Theorem 4.5.6 for more details). O

Remark 4.14.1. The calculus %, would have been produced by the procedure implicit
in the proof of Theorem 4.5.12 regarding the axiomatizability of monotonic expansions of
By .

The expansion By y 1 is directly axiomatized by the calculus below, in view of Corol-

lary 2.8.4.1:

Hilbert Calculus 33. %, , +
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The fragment B,y | is axiomatized by adding to the rules of B,y the rule db;y (as in
A\ 1), because the completeness property (A) is not affected by such modification (see

Remark 4.2.1) and 4, , is complete with respect to By 1, as proved in Theorem 4.5.10.

Hilbert Calculus 34. %, , |

Finally, the axiomatization of B,y | 7 is another application of Corollary 2.8.4.1:

Hilbert Calculus 35. %, | v

'%/\,\/,J_ Bt

4.15 By, Bii,v,1, By, T

The present fragments are at the top of Post’s lattice and are expansions of By;. We
will produce first an axiomatization for By, as a direct application of Theorem 4.4.9,
which provides a procedure to axiomatize any expansion of By; by adding some at most

unary rules to %;.

Hilbert Calculus 36. %,

%ki

ki(D,E, AV B) i

ki(D,E, ki(A VB, ki(A VB, A, C),ki(A VB, ki(A VB, B,C),C))) "2
(D, E,A)

kiD,E,AvB) 2

kI(D7E7B) k.d

kiD,E,AVB) 3

Next, in order to axiomatize By, 1, we use again Theorem 4.4.9. The procedure now

gives the calculus %y plus a rule of interaction to accomodate L.

Hilbert Calculus 37. %, |
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B, 1)
B ki(A,B,C)

Finally, we use Corollary 2.8.4.1 to axiomatize By T.

Hilbert Calculus 38. %,; .

B Bt
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5 Final remarks

This work supplies the need for a more rigorous, accessible and verified presentation of
the proof of the axiomatizability of the fragments of Classical Logic induced by the clones
located at the finite section of Post’s lattice, which was originally given by Wolfgang
Rautenberg in a paper with many typographic errors, with difficult notation and with
many details missing. With the present study, it is expected that most doubts caused
by such presentation problems regarding the veracity of this result disappear. This is a
contribution that aids in the understanding of and provides more confidence to studies that
apply this result somehow, with emphasis on those in the field of combination of logics,
for which the properties of Hilbert-style proof systems are of special interest. Finally, the
present study is a source of examples and a guide for the application of the Lindenbaum-
Asser extension to proving the completeness of a Hilbert calculus with respect to a logical
matrix, as well as for the verification, using the Lean theorem prover, of the derivability

of rules in the calculus.

Further studies on the topic of the axiomatizability of fragments of Classical Logic
are the verification of the completeness proof for the calculus %, |, or the proposal of
another axiomatization for 2, ;; the search for simpler and more user-friendly calculi
adequate for some fragments, like B,y (twenty-five rules in #,4) and By gc (twenty-one
rules in % 4c, some of them pretty complex); an analysis of the axiomatizability of the
fragments of first-order Classical Logic; the investigation of the rules of interaction needed
to produce an adequate calculus from the merging of two other arbitrary calculi, aiming
to implement an optimized procedure that delivers axiomatizations for the fragment of
Classical Logic corresponding to the combined language; and the search for a method with
the purpose of, given a 2-matrix 2y, whose signature is not previously known, producing
an axiomatization over the same signature ¥ for such matrix, a generalization of the

procedure implemented in [7] based on Rautenberg’s work.
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